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Abstract

This paper studies a binary choice game model with network links, where the network peer
effects are non-negative, and there might be only one or few networks in the sample. The model
might have multiple Nash equilibria. We assume that the maximum Nash equilibrium, which
always exists and is strongly coalition-proof and Pareto optimal, is selected. We investigate a
simulated moment method for estimation. The challenging econometric issues are the possible
correlation among all dependent variables in a network setting and the discontinuous functional
form of our simulated moments. We overcome these challenges via the empirical process theory
and derive the spatial near-epoch dependence (NED) of the dependent variable. We establish
a criterion for an NED random field to be stochastically equicontinuous and we apply it to
develop the consistency and asymptotic normality of the estimator. We examine computational
issues and finite sample properties of the simulated moment method by some Monte Carlo

experiments.
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1. Motivation and Introduction

In this paper, we study a spatial autoregressive (SAR) binary choice model with network links
based on a static complete information game. This model can be used in various fields in economics,
including agricultural economics, IO, spatial econometrics, and social networks, etc, for example,
the decision for Wal-Mart to enter a county or not (Jia, 2008), peer effects in education and
sport activities for adolescents (Liu, Patacchini, Zenou, 2014), peer effects for students in smoking
(Krauth, 2006, Hsieh and Lee, 2014), presidential election (Lacombe and LeSage, 2013), the decision
of adopting an agricultural program (Holloway, Shankara, and Rahman, 2002), the decision on
whether to convert land-use from agricultural to non-agricultural uses (LeSage and Pace, 2009),
the decision of adopting the District Planning System in Japan (Hoshino, 2009).

By representing a network as a graph, there are several methods to model binary choices on a
graph. For the Besag logistic auto-model (Besag, 1974, Gaetan and Guyon, 2010), statisticians treat
the data as a Markov random field and generalize the Ising model in statistical mechanics to study
binary choices on graphs. This model is widely used in epidemiology. But this model does not in-
volve rational decision, and thus it is not quite relevant in economics. For empirical economists, some
have used the latent SAR probit model: y; , = 1(y;,, > 0) and y;,, = A Z;;l WijnY; ntTinB~+E€in,
where y;,, is a latent dependent variable, W,, = (wijn) is a specified spatial weight matrix or ad-
jacency matrix in network analysis, and €; ,,’s are usually modeled as normally distributed random
variables. In this latent SAR probit model, it is the latent variables that directly affect neigh-
borhood’s utility, and the observed binary variable is an indicator on signs of the latent variable.
This model is often estimated by Bayesian methods. Another interesting model is the simultaneous
SAR binary choice model, y; , = 1(A 2?21 WijnYjn + Tinh + €. > 0), which is is different from
the latent SAR probit model, in that Y; » 1s replaced by y;, on the right hand side (RHS) of the
equation. In the simultaneous SAR binary choice model, it is the linked individuals’ realizations,
rather than their latent variables, that affect the dependent variable of an individual. Both the la-
tent and simultaneous SAR models are game models with perfect information. In the latent model,
an individual’s utility is affected by his/her friends’ utilities, but econometricians can only observe
binary indicators y’s. In the simultaneous model, his utility is influenced by his friends’ actions,

rather than their utilities. So the model is more related to an econometric game model on discrete



choices.

For the simultaneous SAR binary model, there are some challenging issues that need to overcome.
First, there may be multiple solutions, or multiple Nash equilibria (NE) in the language of game
theory. Furthermore, the number of equilibria might increase as number of players n increases.
There may be correlation between any two y;,’s. Specifically, we pay special attention to the
case of a single network, not only many similar independent markets or groups as assumed in
the existing literature on econometrics for games and social interactions. For the estimation of
games with multiple equilibria, there are various approaches including equilibrium selection (see,
e.g., Bajari, Hong and Ryan, 2010) and set estimation (see, e.g., Chernozhukov, Hong and Tamer,
2007). In this paper, we adopt the approach of equilibrium selection. Our main goal is to develop a
rigorous large sample theory for the estimation of the simultaneous discrete choice model within a
single network, even though the theory may also be applied to the situation with many independent
networks. In order to have some law of large numbers (LLN) and central limit theorems (CLT)
for asymptotic analysis, we take advantage of recent development on nonlinear spatial processes by
establishing weak spatial dependence properties for relevant variables and functions in the model.
As there might exist multiple solutions and the indicator function 1(- > 0) is not continuous, the
investigation of weak dependence for variables of the model is a research pursuit.

This paper contributes to the literature in the following aspects. (1) It develops a consistent
and asymptotically normally distributed estimator for the model; so it enriches econometric tools to
deal with binary data on networks, in particular, a single network. (2) We introduce a procedure to
establish spatial near-epoch dependence (NED) of outcome variables of a nonlinear model without
the need of a contraction mapping. (3) It extends the literature of spatial NED to the case of a
network game. (4) It shows some criteria for the stochastic equicontinuity (SEC) for NED random
fields. (5) It extends some simulation estimation theory to the case with spatial dependence as the
estimation method under consideration is a simulated moment estimator.

More Related Literature. In addition to the literature mentioned above, this paper is related
to some other publications. Some researchers apply simulation methods to discrete choices mod-
els, e.g., Pakes and Pollard (1989) and Krauth (2006). Simulation estimation is needed because
correlation leads to complex integration. But their studies focus on many independent individu-

als or markets setting. Our paper differs from their studies in that: (i) we focus on games with



many individuals linked in a network; (ii) simulation is needed to locate selected equilibria over the
range of unobserved disturbances in order to calculate choice probabilities. Recently, the studies
of estimation of games with many players have attracted more attention. Menzel (2014) investi-
gates two-sided matching markets with a large number of participants and non-transferable utility.
Menzel (2015) examines anonymous games where payoffs depend on an agent’s own action and the
empirical distribution of others’ actions. He requires that the number of players in every group
increases at the same rate. Our paper differs from Menzel (2015) in at least two aspects: (i) we
do not need to exclude the existence of some small and independent markets or various increasing
rates of market size; (ii) the predetermined relationship of individuals, reflected in W,,, indicates
diverse importance of players to each specific individual.

The structure of this paper is as follows: In Section 2, we introduce an SAR binary choice
model and discuss the strongly coalition-proof equilibrium of this model. For any equilibrium
from a selection rule, it is shown to be a spatial NED process. In Section 3, we consider the
simulated moment estimation of this model and establish consistency and asymptotic normality
of the estimator. In Section 4, Monte Carlo studies are performed to examine the finite sample
performance of the estimator. In Appendix A, we list conditions for SEC of NED random fields. In
Appendix B, we generalize conditions for asymptotic distributions of simulated moment estimators
to network data with spatial correlation. In Appendix C, we show some results on derivatives of
the probability of the NE, which is needed for asymptotic analysis in the main text. All the proofs

for theorems, propositions and lemmas in the main text are collected in Appendix D.

2. The Model

2.1. Model Setup and Equilibrium Concepts

Assume that there are n individuals or players, which may be consumers, firms, local governments,
etc, living in a d-dimensional Euclidean space R?. We use ieReto represent individual i’s location
in R?. Zmay include both its geographic location and some socio-cultural or economic characteristics

of individual i. Denote d;; = d(i,), the distance between individuals i and ;.

Assumption 1. For any i # j, d;; is larger than or equal to a specific positive constant, without

loss of generality, say, 1.



Assumption 1 implies the increasing domains asymptotic and excludes infilled asymptotic. Each
individual is endowed with a vector z; ,, € RE of some exogenous characteristics, which is observable
to all players and econometricians, and ¢, € R is public to all players but is unobservable to
econometricians, i.e., we are considering a complete information static game. Player ¢ chooses his
action y; , from the strategy set {0,1}. At the alternative 0, his utility is normalized to be zero; and
for alternative 1, his utility is w(y; n = 1|y—in, Xn) = Ao Z?:l WijnYjn+TinBo+E€in, where w;;,, >
0 is the (i, j)-entry of the exogenous spatial weight matrix (adjacency matrix) W,,,! the subscript 0
for a parameter represents its true value, X,, consists of all z; ,,, and —i = {1,--- ,n}\{i} is the set
of all individuals but with i excluded. Individual ¢ chooses y; , = 1 iff w(y;n, = 1ly—in, Xn) = 0.

This model can be written as

Yin = 1(A Z WijnYjn + TinB + €n > 0), (1)
J=1

where 1(-) is the set indicator. We treat the solution to Eq. (1) for all i = 1,--- ,n as the NE of

the n-player game. So the game under study is a non-cooperative game.
Assumption 2. \g = 0.

By Assumption 2, an individual’s action has non-negative externalities on other players and the
game is strategically complementary. Such a game is a supermodular game (Milgrom and Roberts,
1990). Supermodular games are used in oligopoly competition, macroeconomics (Diamond search
model), arms races, technology adoption and diffusion, and many others (Milgrom and Roberts,
1990). The estimation of supermodular games is studied in Uetake and Watanabe (2013), Molinari
and Rosen (2008), Jia (2008) where she investigates the expansion of Wal-Mart in counties, and
Miyauchi (2014) where he examines the estimation of network formation games. If Assumption 2
fails, there might be no pure strategy NE. See Appendix B.2 in Jia (2008) for a numerical counter-
example.

From Milgrom and Roberts (1990), a complete information static supermodular game always has

at least one NE.? There might be multiple NE, and the set of NE is a complete sublattice in {0,1}",

Endogenous W,, is an interesting issue in network formation. But in this paper, our intention is to develop
asymptotic theory for estimation of a discrete choice game with players connected in a network, so we treat Wy, as
given and binary choice decisions are not subject to selectivity in network formation.

2This is from Tarski’s fixed point theorem, which applies for a complete lattice. For a linear SAR model, Tarski’s
fixed point theorem is not applicable, because R™, the range of y, in a linear SAR model, is not a complete lattice.



which contains its supremum and infimum. Furthermore, the largest NE is Pareto optimal. There
is a concept stronger than NE, namely, strongly coalition-proof equilibrium (SCPE) in Milgrom

and Roberts (1995).

Definition 1. Let I' = {{1,2,--- ,n},S, (71, -+ ,7,)} be a normal form game, where {1,2,--- ,n}
is the set of players, S = []!"_; S; is the strategy set defined to be the product of strategy spaces of
players , where S; is the strategy space of player ¢, and 7; : S — R is the payoff function of individual
1. s* € S is called an SCPF if and only if for any proper nonempty subset .J ;Cé {1,2,--+ ,n}, there
isno sy € [[;c;S; such that m;(s*) < m;(sy,s% ;) for all j € J and m;(s*) < m;(ss, s~ ;) for some
jed.

SCPE is immune to incentive-compatible deviations by coalitions. In an environment where
players can freely discuss their strategies, but cannot make binding commitment, it is possible
for coalitions of players to arrange plausible, mutually beneficial deviations for Nash agreements
(Bernheim, Peleg and Whinston, 1987). From Theorem 2 in Milgrom and Roberts (1995), the
maximum NE of our model is an SCPE. If we do not consider the critical case that some individual
is indifferent for his choices, of which the probability is zero, the maximum NE of our game is the
unique SCPE (Milgrom and Roberts, 1995). Thus, our model has a unique SCPE almost surely and
we only consider the maximum NE as the chosen one in a sample in this paper. Jia (2008, pp. 1279-
1280) proposed a simple and fast way to calculate the maximum NE: (1) let ¢© = (1,---,1) € R™;
(2) yitt = 1AW,y + X, + €, > 0), where 1(u > 0) = (1(ug > 0),---,1(u, > 0)); (3) the
iteration process stops once y'T! = y!. The iteration has at most n steps, since g, is nonincreasing

in t.

2.2. Near-epoch Dependence

In this model, there are both heterogeneity among players and correlation among the decisions of
players due to interactions. Thus, we need some type of weak dependence concept so that proper
LLN and CLT can be valid in order to develop a rigorous asymptotic theory for estimators. We
utilize the concept of spatial NED developed in Jenish and Prucha (2012). Intuitively, if a random
field {z;,}7; is NED on a base {€;,}7_;, then the €;,’s, with j’s near i, are able to give a good

prediction of z; ,,. To establish NED, we need more assumptions.



Assumption 3. W, # 0 is a non-stochastic n x n matrix with non-negative entries and zero diagonal

elements. Furthermore, By = sup,, ||[Wh||eo < 00.

Assumption 4. {€; ,}1, are i.id. with support R; f(-), the pdf of ¢; ., and its derivative f'(-)

satisfy By = sup, f(e) < oo and By = sup, |f'(€)| < oo; {€;. 5} are independent of {z;,}7 ;.
Assumption 5. The parameter space of § = (A, 8) is © = [0, B,] x Hszl[fng,Bﬁk} C RE+L

Under Assumptions 3 - 5, sup; , g, . Pr(=Al[Wallec — ZinB < €0 < —TinBlTin) = § for
some ¢ such that 0 < § < 1. Previously, we have defined a distance between i and j, d;;, used
in Assumption 1. Now we need another concept of distance in terms of network links between
individuals. We call that individual j affects individual ¢ directly, denoted j — 4, if and only
if wij, # 02 A path jr — jr—1 — -+ — Jo, is defined to satisfy two conditions: (1) any
two individuals involved are different, and (2) j, — jp—1 for all 1 < p < k. Call the length of
gk = jk_1 — -+ — jo as k. For j # i, define d* as the smallest Kk € N = {1,2,---} such that
there exists a path from j to i with length k. If there are no paths from j to i, then d¥ = co. And
define d = 0. Thus, j — i is equivalent to d”/ = 1. Notice that it is possible that d* # d7% in
a directed graph. But for an undirected graph, d = d’!. Another equivalent definition for d is

that d' =inf{1 <k € N: (WF);; # 0} when i # j. For a set A, |A| denotes its cardinality.

Assumption 6. There is an mg € N such that 5l_p < 1, where

[p = sup sup ‘{pathjm S 1 == 1 =0 d9m — m}|1/m.

m2>=2mg ,Nn
Assumption 6 includes the case of many independent groups, where the size of each group

is bounded by a given natural number 7. Let mg = 7 + 1, then [, = 0 and Assumption

6 holds trivially. For a single network or a network with large components, define a matrix

W, as follows: wj; , = 1 if and only if w;;, > 0; otherwise, w;j, = 0. Z?m:l(W;)%m =
Dojon gy Wi p WSy Wy is the number of walks* ending in i. Thus, |{pathj,, —
s =gy =i dIm = m}| < Z?mzl(W;‘;)};?m < |(W)™||s- By Gelfand’s formula, lim,,, oo H(W;{)mH})ém =

p(W), where p(W}) is the spectral radius of W}*. Thus, for any € > 0, we can choose mg large

3In our model, we have w;i,n = 0, so we do not care about direct self-influence. In fact, direct self-influence plays
no role in our theory. We take this motivation from a named friend network. In such a network, w;; ,=1 if individual
i names j as his friend. Thus, j is ¢’s role model who will influence 7.

4jmim—1---j1 is defined to be a walk iff Jjp = Jp—1 for all 2 < p < m. Any two individuals on a path are different,
but they can be the same on a walk.



enough such that I, < sup,, p(W;) + €. Since § is related to A||W, ||, Assumption 6 adds some
constraints on By||W, || and the structure of the network (due to ,,). More dense network (greater
l,) the structure is, weaker interaction (less A||W,,||o) has to be assumed. For instance, when ¢; ,
is standard normally distributed, then § = 2® (B, sup,, ||Wa||s0/2) — 1. Assumption 6 implies that
®(Bysup, [|[Walloe/2) < B I [[Wylleo = 1, I, = 2, then By < 1.349; [[Wy||oo = 1, I, = 3, then
B < 0.86. For the standard logistic distribution, if ||[W, ||« = 1, [, = 3, then B < 1.38.

Assumption 7. d¥ =1 implies d;; < dp for some constant distance dy > 1.

Assumptions 2-6 are sufficient to establish the NED of y; ,,(6), if the metric used is d (see
Proposition 1). For Euclidean distance, Assumptions 1 and 7 are required. Assumption 7 implies
that only individuals within distance dy may directly affect each other. This assumption is widely
used in spatial statistics and spatial econometrics, e.g., Xu and Lee (2015a). Consider the system
Yin = 1(N; Z;.l:l Wij nYjnt+Tinb+e n > 0), where 0 < A; < By. This system is more general in that
each individual ¢ may have a different interaction coefficient \;. This generalization is just for the
purpose of having a general theoretical result in Lemmas C.2 and C.3.> Denote 0 = (\y,- -+ , A, 3')’
and X, = (2 ,,,--,2,,,)" Then y; n = yin(en, Xn,0). For any natural number m € N and any

individual i, separate individuals into two sets: {j : d¥ < m} and {j : d¥ > m}. Conformable to

_ (xglz,\m)’zglz7>m)) ( (i,<m) (i,>m)

this partition, we have X, and €, = (€5, ,€n ). The following proposition

describes the conditional probability of difference for an individual’s choices with (xﬁf ’>m), eg ’>m))

at two different values. The probability in part (1) of Proposition 1 is taken over 653 ,gm)’ and is
relevant for the spatial NED property. The probability in part (2) has an additional conditional
argument, and will be useful for analyzing second order derivatives of choice probabilities.

Proposition 1. Let m € N such that mg < m. Denote §; n, = s, n(éf m), Eﬁf’>m), xﬁf’<m>,z53’>m),9)

(<) fi>m) () 2>m) g

and Yin = Yin(en , where (ZTp,€,) and (Zn,&,) are two different

values of (xn, €,). Then,

(1) for alli, n, 6, T e >m), i‘g’>m), gB>m) ond eB>m)

Pr (yz n# Y Yi, n| Ty, Z’gm) 5; >m)7j£f’>m)’ €S7>m)7€£f’>m)) < 5(6lp)m; (2)

5For estimation, we can not allow \;’s to be different. Otherwise, there are too many parameters to be estimable.



(2) if d'* < m, then for all i, n, 0, €k, 3’055’>m), i‘g’>m), Eﬁf’>m) and Eg’>m),
Pr (G # Gl e, 25, 24> G0 gli>m) diom) < (5,)m. 3)

Now we state the NED result for the dependent variable of our model.%
Corollary 1. Let F; n(s) = 0({Zjn, €jn : dij < s}) and y;n(0) = yin(en, Xn,0). Let mg < m € N.
0) = ElYin(0)|j.n, €, d7 < mll[r2 < (31,)™72.
0) = Elyin(0)|Fin(mdo)]|| 2 < (81,)™72.

(1) Under Assumptions 2-6, sup; ,, pee ||¥in(
(2) Under Assumptions 1-7, sup; ,, pee ||¥in(
Corollary 2. Denote Bx = sup; y ,, ||Tiknl|z2- Let mo <m € N.

(1) Under Assumptions 2-6, Sup; j , gco ||Yin(0)Tik.n — ElYi n(0)Zikn|Tjn, €0, d7 < m||pe <
Bx (8l,)™/* and sup, ., oco |1Yin(0) Y11 Witn@ikn—EWin (0) Y121 Wit n @ik T, €50, d9 < ml|| 12 <
Bx By (01,)™/2.

(2) Under Assumptions 1-7, Sup; ,, . oco \|yi7n(0)xik7n—E[yi,n(G)xik7n|]:i,n(md_o)]||L2 < Bx (gl_p)m/2

and sup; i, gee [|Yin(0) Y12y Wit n@ikn—E[yin(0) Y211 WitnTig n| Fin(mdo)]|| L2 < Bx Bw (8l,)™/2.

Notice that the NED property is uniform not only in ¢ and n, but also in 6. This is needed when
we apply some empirical process techniques to establish a large sample theory for our proposed

estimator.

3. MSM and its Large Sample Properties

3.1. The MSM Estimator and Its Consistency

The likelihood of the model is L, (0|Y,, X,,) = Pr({e, : ThemaximumNEisY, }|0, X,,), where
0 = (A, B8')'. However, the method of ML estimation might be difficult to work with for this model.
There are several disadvantages for the ML approach: (1) For large n, the closed form of the
likelihood function is not available. (2) It is also hard to simulate. Due to the complex model
structure, it seems natural to simulate outcomes by simulating disturbances and uses a frequency
simulator to approximate the probability of an observed SCPE Y,,. However, because there are
totally 2™ various and possible Y,,’s, it needs an exponential number of simulations to obtain

an accurate estimation of L, (0|Y,). Furthermore, that is only for a specific . To maximize the

6The idea of proof is enlightened by de Jong and Woutersen (2011), even though the latter is for time series.



likelihood function, we need to evaluate it at different values of 0. (3) It seems complicated to obtain
asymptotic properties from this likelihood function. It is difficult to establish pointwise convergence
in probability, let alone uniform convergence in probability and asymptotic distribution.
Therefore, we decide to consider generalized method of moments (GMM), or more precisely,
method of simulated moments (MSM). Since the closed form of moments is not available, simulation
estimation is needed. Various moment conditions can be obtained from the conditional moment
condition E[Pr(y; n = 1|Xn, 00) — ¥in|Xn] =0, such as E{[Pr(y;n = 1|X,,,00) — yzn]x;n =0 and
E{[Pr(yin = 1|Xn,60) — yin](wi.nXn)'} = 0, where w. ,, is the i-th row of W,,. The following
proposition implies that this conditional moment condition is sufficient to identify the unknown

parameters of our model.

Proposition 2. Denote X,, = [X1,, Xon] where Xap, is an n-dimensional column vector. Assume
support(Xa, | X1,) = R™ and fa9 # 0, where S is the coefficient of of Xs,. Under Assumptions
8 and 4, if B(x] ,,w; ) has full rank for every i, then E[Pr(y;, = 1|X,,0) — yin|X,] = 0 for all i
implies 6 = 6.

Let g;» be a vector of IV variables for 4, and Q,, = (¢} ., ,4;,,,)’; Which are functions of W,
and X,,. Let

gi,n(a) = [Pr(yi,n = 1X,,0) - yi,n]Qé,n- (4)

Then Eg,(6g) = 0. By having R random draws e (r = 1,--- ,R) from the distribution of
€n, where R does not need to depend on n, and then generating ym(eg),XmG)’s as dependent
variables from the model, Pr(y;,, = 1|X,,6) = + Zle yi,n(é{"), X, 0) is an unbiased simulator of

Pr(y; n = 1|/ Xy, 0). Denote
gzn(e) = [PAr(yi,n = 1|Xna 9) - yi,n]qg,n‘ (5)

Notice that E g; ,,(6p) = 0, because Isr(ym = 1|X,,,0) is an unbiased simulator. When the number
of moments is greater than K + 1, we choose a (possibly stochastic) positive definite matrix €, (9)

to be a GMM weighting matrix.
Assumption 8. The (stochastic) §2,,(6) converges in probability uniformly to ©(6), i.e., supgeg |2, (6)—
Q(0)] = 0p(1). The Q(0) is positive definite for any 6 € © such that infgce mineig2(f) > 0 and

SUpyco maxeig Q(#) < oo, where eig 2(f) denotes the set of eigenvalues of (6).



Then, the MSM estimator is arg mingecg @, (6), where

= L0 20|25 00)

is a sample moment objective function with || - || being the Euclidean norm. Let

1 n
2,2(0) ;Z}g

= [i > _Egin(0)| ) [}1 > Egi,nw)] Q2(6) 13" Egin®)

be the norm of the population moment counterpart. We need some moment conditions in order to

obtain large sample properties of the estimator. Formally, the requirements for the IVs are stated

in Assumption 9:

Assumption 9. (1) There are two real numbers 2 < pg < go and an even number wqy > 2p0(K+1)r0_1,

_ pol-apt 1_ 1 -1 _
where 19 = Zil_gz,l, such that 5 = —- + “2== and Bg = supy, ; ,, ||qik,n|| o0 < 003
(2) gi,n is measurable with respect to o({z;, : dij < modo}).
(3) VO # 6, liminf, o Q,(0) > 0.
Assumption 9(1) adds some moment requirements on g;,. If x;, is of dimension K with

K > 2, then we need wy > 12 and qo > 2wy > 24.” Thus, we require high moment condi-

tions for g;,. For example, (po,wo,qo,r0) = (3,10K + 10,60K + 54, ggﬁiég) satisfies Assump-
tion 9(1). With Assumptions 9 (1) and (2), similarly to Corollary 2, sup; j ,, pco [|¥in(0)qir,n —
E[Yi.n(0)Gik.n| Fin(mdo)]| L2 < Bo(dl,)™'?, whenever m > mg. Assumption 9(3) is an identifica-
tion condition, which can be satisfied if the IVs extract enough identification information from the

conditional expectation. Finally, some a-mixing conditions are required in order that the LLN in

Jenish and Prucha (2012) can be applied.

Assumption 10. {x;,}}_,is spatially a-mixing with coefficients a(u,v,r) < (u + v)7&(r) for some

>0and Y o2, rita(r) < co.8
With all these assumptions, the consistency of the MSM estimator follows.

Theorem 1. Under Assumptions 1-10, 6, 2 6.

woi_l = % and go > 2wo.

"Because po < qo, 2 = % + wgo L> é +
8See Jenish and Prucha (2009) for the concept of spatially a-mixing random fields.
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Remark. As contrary to a simulated likelihood approach, for the MSM estimation, we do not require
that the number of random draws, R, increases as the sample size n increases in order to obtain

consistency (Train, 2009).

3.2. Asymptotic Distribution of the Estimator

Theorem 3.3 in Pakes and Pollard (1989) is a general result for the asymptotic distribution of an
estimator based on simulation of frequencies. We generalize their result to allow heterogeneity in
Theorem B.1 and to allow that the true parameter is on the boundary of the parameter space
in Theorem B.2 in the Appendix. Condition (iii) in Theorems B.1 and B.2 requires stochastic
equicontinuity (SEC) of the empirical process of sample moments. Thus, we first apply Theorem

A1 to obtain the SEC of g;,(0) in Eq. (4) and §;,,(#) in Eq. (5) of our model.

Proposition 3. Let w € (2po(K + 1)1"0_1,11)0] be an even number. Then, for any € > 0, there exists

an n > 0, such that for any k,

n

n~l/? Z[Qik,n(el) — Gik,n(02)]

=1

<e.
Lw

lim sup
n—oo

sup
[161—02][cc <n

Corollary 3. Let w € (2po(K + 1)r§17w0] be an even number. Then, for any € > 0, there exists an

n > 0, such that for any k,

< e
L‘w

lim sup
n—oo

sup
[101—02]|cc <n

02N [Gikn (61) = Ginn (62)]
=1

We still need some additional regularity conditions in order to apply Theorem B.1 to establish

the asymptotic distribution of the estimator.
Assumption 11. Ay < By and Sy € Hszl(—B/gmB/gk).

Assumption 12. The a-mixing coefficient (u + v)7é&(r) of {x; ,}7; satisfies
oo
ZTd(T*+1)_1d(T)6*/(4+26*) < 00
r=1

for some 0, > 0, where 7, = 0.7/(2 4 dx).

Assumption 13. L 3" 9B g;,(60)/00' — T and T has full column rank.
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Assumption 14. var ﬁ > 1 9in(0o) = V and V is nonsingular.

Theorem 2. Under Assumptions 1-14, /(0 — 00) % N(0, (1 + ) (an)~travar’ar)—t) i
Xo € (0, By). On the other hand, if Ao = 0, /n(6,, — 00) will converge to a mizture of distributions:
with a half probability, a truncated N(0, (1 + £)(I'QT) ' I'QVOT(I'QL)~!) on (0,00) x RX, and
with a half probability, a multivariate distribution with its first component degenerated at 0 and the
remaining components N (0, (1 + %)[(I"QL) 1] [IVQVAL] 1 [(I"QD) 1] ™) on RE, where, for a

matriz, “-1”7 means the submatriz without the first row and column.

To conduct statistical inference, we need to estimate the asymptotic distribution of 0,,. The
analytical variance approximation is rather intractable, so we suggest constructing confidence in-
tervals by bootstrap. Specifically, (1) generate B vectors of e%b)’s, where b = 1,---, B, of €,,
and generate the corresponding yn(eglb),Xn,én); (2) for each set of samples, estimate a éﬁfj); (3)
construct confidence intervals according to ég’)’s. The validity of the Bootstrap method is based
on the following proposition. Denote gg’g(e) = [Pr(yin = 1|Xn,0) — yn(eS’leén)]qun, where
QY () = HQ}/%H)% > QEQ(G)HQ and 0 = argmingeo Q1 (0).

Proposition 4. (1) 0 = 0y + op(1). (2) When Ao € [0,B)), \/ﬁ(éﬁlb) — bp) has the same limiting
distribution as that of \/n(6, — 6o).

4. Monte Carlo Simulation

In this section, we design some experiments to investigate finite sample properties of the MSM
estimator. The data generating process for the experiments is y;, = 1(Xg Z;;l WijnYjn + Bro +
B20in + €in > 0), where 19 =0, B20 = 1, but Ao is designed to be 0.6 or 0.3; z;,,’s i.i.d. N(0, 1),
N(0,(v2)?) or N(0,(v/3)?), and €;,,’s are i.i.d. standard normally distributed. v, ,, is generated
by the method mentioned in Section 2.1, namely, by iterating from (1,---,1). Experiments show
that two to six iterations, and on average fewer than 4 iterations, are sufficient to generate y,, =
(Y1m,- - ,ynyn)’ when sample size varies between 400 and 1600. Thus the algorithm is quite fast.
We use 1, z; ,, and Z;-lzl WijnTjn as the IVs for the orthogonality moment conditions. Because the
number of IVs and the number of parameters are both 3, the parameters are exactly identified. The
choice of ,, does not matter theoretically and thus the weighting matrix for moments can be the

3 x 3 identity matrix. For the simulated probability Pr(y;, = 1|/X,,0) = + Zf‘:l Yin (eg), Xn, 0),
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R is chosen to be 100 in order to balance efficiency, computational time and numerical precision,
where the last issue will be discussed later in this section. For each 6y and n, 500 experiments are
performed to obtain sample means and sample standard deviations of estimators.

Individuals are assumed to be located on a y/n x y/n square integer lattice (chess board). In the
experiments, we try y/n = 20, 30, 40. Thus, the corresponding sample sizes are 400, 900 and 1600.
W, = 1 iff the Euclidean distance between ¢ and j is 1 and W), is row-normalized from Wy .

Because y; n(€n] Xy, 0) is an index function of 6, the criterion function @, () is a simple function,
a linear combination of some index functions. As a result, almost every 6 is a local minimum of
Q,(0) and it is not easy to reach the global minimum. In order to get 0,, as close as to the global
minimum, on the one hand, we adopt a large R such that @, () is close to be a smooth function;
on the other hand, we choose carefully initial values for minimization. By some experiments, we
find that a probit model of y; , on 1 and z; , produces a not too bad initial guess of 539. Thus, we
use it as the initial value for 83. And we choose the initial values of (X, 81) from {(0.1a,0.2b—1.2) :
a=1,2---,13,b=1,2,--- 11} to minimize @,(#). To do so, it is not guaranteed that we can
obtain the global minimums, but experiments show that the estimators produced in this way have
satisfactory finite sample performance. Another reason for such choices of initial values is to balance
computational time and precision of estimators: a larger set will produce more initial values but
require more computational time.

From Table 1, we observe the following phenomena: (1) For smaller )\, the bias of A is larger,
since the sample distribution of A, is skewed as A, > 0. (2) As sample sizes increases, the bias
of A, decrease fast in most cases. (3) As sample sizes increase, the standard deviations decrease.
Overall, for larger sample sizes, the performance is closer to the asymptotic results.

To check the robustness of our estimator, which is based on the best NE being selected, we design
some experiments with misspecification of equilibrium selection rule. We select the minimum NE
to generate the dependent variable, but we estimate the model as if the maximum NE was selected.
The results are summarized in Table 2. When the sample size is 400, the performance under
misspecification is clearly worse, but not very bad. For example, when Ao = 0.6, the biases for An
and Bl,n under misspecification are respectively 0.0934 and -0.0941, but they are 0.0666 and -0.0534
when the specification is correct. When sample sizes are large, the difference is smaller, but overall,

the biases and RMSE under misspecification are slightly larger. The differences when Ao = 0.6 are

13



slightly greater than that when Ag = 0.3. The reason is that with greater A\, the probability for €,

to be located in areas where multiple equilibria occur is larger.

Table 1: Monte Carlo Simulation Results
n A=0.6 B1=0 B2=1 A=0.3 B1=0 B2 =1
bias 0.0666 -0.0534 -0.0036 0.1354 -0.0926 0.0014
400 std 0.4724  0.2958 0.1072 0.4263 0.2465 0.1074
RMSE | 0.4771 0.3006 0.1072 0.4473 0.2633 0.1075
bias -0.0088 0.0060 0.0121 0.0221 -0.0144 0.0072
Zzin | 900 std 0.3361  0.2115  0.0773 0.2918 0.1673 0.0712
RMSE | 0.3363 0.2116  0.0782 0.2926  0.1679 0.0716
bias 0.0179  -0.0057 0.0072 0.0029 0.0042 0.0036
1600 std 0.2525  0.1601  0.0492 0.2303 0.1303 0.0489
RMSE | 0.2532  0.1602  0.0497 0.2303 0.1304 0.0490
bias 0.0781 -0.0560 0.0159 0.0980 -0.0653 0.0093
400 std 0.4952  0.2962 0.1054 0.4056 0.2319  0.0994
RMSE | 0.5013 0.3014  0.1066 0.4173  0.2410 0.0998
bias 0.0161 -0.0066 0.0173 0.0355 -0.0176 0.0161
Ton | 900 std 0.3435 0.2104 0.0712 0.2969 0.1692 0.0668
RMSE | 0.3439 0.2105 0.0733 0.2990 0.1701  0.0687
bias 0.0047  0.0021  0.0075 0.0032 0.0045 0.0067
1600 std 0.2382  0.1471  0.0477 0.2200 0.1252  0.0449
RMSE | 0.2382  0.1471  0.0483 0.2200 0.1253 0.0454
bias 0.0598 -0.0422 0.0141 0.1083 -0.0690 0.0118
400 std 0.4852  0.2920  0.0999 0.3992 0.2316 0.1008
RMSE | 0.4889 0.2951  0.1009 0.4136 0.2416 0.1015
bias 0.0459 -0.0193 0.0211 0.0493 -0.0232 0.0153
T3n | 900 std 0.3291  0.1969  0.0698 0.3104 0.1753 0.0696
RMSE | 0.3323  0.1979  0.0730 0.3143 0.1768 0.0713
bias 0.0111  0.0014  0.0079 0.0063 0.0037 0.0052
1600 std 0.2408  0.1449 0.0472 0.2248 0.1265 0.0473
RMSE | 0.2411  0.1449  0.0479 0.2249 0.1265 0.0476
Repetition=500, Simulation=100, 319 =0, B20 = 1. @y ~ N(0,k).
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Table 2: Monte Carlo Simulation Results—-Misspecified Equilibrium

n A=0.6 B1 =0 B2 =1 A=0.3 B1 =0 B2 =1

bias 0.0934 -0.0941 0.0007 0.1439 -0.1044 0.0020

400 std 0.5027  0.3097 0.1109 0.4410 0.2527  0.1075

RMSE | 0.5113 0.3237 0.1109 0.4638 0.2734  0.1075

bias 0.0070 -0.0294 0.0126 0.0234 -0.0218 0.0072

Zin | 900 std 0.3488  0.2161 0.0770 0.2929 0.1684 0.0717
RMSE | 0.3499 0.2181 0.0780 0.2938 0.1698 0.0720

bias 0.0182 -0.0308 0.0067 0.0057 -0.0035 0.0036

1600 std 0.2575 0.1615 0.0497 0.2318 0.1323 0.0491
RMSE | 0.2582 0.1644 0.0502 0.2319 0.1324 0.0492

bias 0.0742 -0.0729 0.0144 0.1117 -0.0789 0.0093

400 std 0.4878 0.2914 0.1030 0.4283  0.2430 0.1008

RMSE | 0.4934 0.3003 0.1040 0.4427  0.2555 0.1012

bias 0.0328 -0.0384 0.0174 0.0391 -0.0255 0.0158

Ton | 900 std 0.3492 0.2101  0.0702 0.2997 0.1695 0.0666
RMSE | 0.3508 0.2136 0.0723 0.3022 0.1714 0.0684

bias 0.0203 -0.0277 0.0077 0.0062 -0.0027 0.0066

1600 std 0.2368 0.1457 0.0476 0.2200 0.1245 0.0451
RMSE | 0.2377 0.1483 0.0482 0.2201 0.1245 0.0456

bias 0.0586 -0.0601 0.0131 0.1136 -0.0760 0.0118

400 std 0.4824 0.2881 0.1007 0.4093 0.2364 0.1007

RMSE | 0.4860 0.2943 0.1016 0.4248 0.2483 0.1013

bias 0.0570 -0.0432 0.0214 0.0527 -0.0298 0.0150

T3n | 900 std 0.3348 0.1981 0.0703 0.3089 0.1741  0.0697
RMSE | 0.3396 0.2028 0.0735 0.3134 0.1767 0.0713

bias 0.0227 -0.0243 0.0082 0.0057 -0.0005 0.0053

1600 std 0.2425  0.1439 0.0478 0.2272  0.1271  0.0470
RMSE | 0.2436 0.1460 0.0485 0.2272  0.1271  0.0473

Repetition=500, Simulation=100, 810 = 0, B20 = 1. Tk, ~ N(0, k).

5. Conclusion

We consider a complete information binary choice game on an exogenous network in this paper.
We assume players select the maximum NE, which produces Pareto optimal equilibrium of the
game and is also an SCPE, to overcome the issue of multiple NE in a sample. We propose the
estimation of the model by the MSM. After investigating the NED property of y; ,, and developing
some empirical process theory, we establish the consistency and asymptotically normality of the
MSM estimator. Simulation results indicate that when the sample has a moderate or large size,

the estimator has satisfactory finite sample properties.
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Our studies can be extended in several directions. (1) It is possible that players do not choose the
maximum NE, but reach other NE. In such cases, the problem might be partially identified. Because
all NE’s are between the maximum NE and the minimum one, we may consider moment inequality
estimation. (2) It is clear that our study can be generalized to the ordered probit or logistic models.
(3) Furthermore, relatively more efficient estimation methods than the MSM might be of interest
to be considered. (4) In our NED analysis, we take links between individuals as exogenously given,
so we have not taken values of elements in the weights matrix as endogenous. By expanding the
model to take into account of network formation, one may then take care of possible selectivity of
outcomes. (5) Because the GMM criterion function is a simple function, almost every 6 € O is a
local minimum point, it requires more investigation how to computationally improve the search of
the global minimum point. (6) We have shown that under the condition, 5l_p < 1, we have NED,
on which our analysis is based on. However, if this condition fails, we do not know whether NED
still holds or not. As a result, we do not know the asymptotic properties of our estimator. Thus,

one of the possible future researches is on related properties when Sl;, < 1 does not hold.

Appendices

A. Stochastic Equicontinuity for NED Random Fields

A.1. A Moment Inequality for NED Random Fields

In this section, let Z,, = {Z; ,}1, and &, = {&; n}I; be two generic random fields.

Assumption A.l. Let 2 < pg < go € R and 2 < wy € N satisfy p% + ‘”30*1 =

(SIS

max(1,sup; ,, [|Zinl|zew) < 00; E Z;, = 0 for all 4 and n.

Assumption A.1 implies that go > 2wo. Because po < qo, t = sup; , || Zinllzre < M < oo0.

Next, we will establish a covariance inequality for products of Z;, and a moment inequality for
Z?:l Zi,n'g
Lemma A.1. Suppose Assumption 1 holds. Let e, = {e;n}l_; be an a-mizing random field with

a-mizing coefficient a(-,-,-). Z, satisfies Assumption A.1 and is an Lo-NED random field on

9Similar results are Corollary A.2 and Theorem A.l in Xu and Lee (2015b) with stronger regularity conditions
such as Z; ,’s are uniformly bounded. But they are not enough to establish SEC. Lemmas A.1 and A.2 relax some
of those restrictions and do not require that Z; ,, is uniformly bounded. In this paper, we introduce ¢ to bound the
inequalities in Lemmas A.1 and A.2. ¢ is related to the construction of brackets when we show SEC.
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en such that ||Z; , — B[Z; n|Fin(s)|||z < ¥(s), where F;n(s) = o({ejn : dij < s}). Denote

r:min{d(;mjl):1<m<u,1<l<v}>0. w=u+v < wy. Then, for any 0 < s < r/2,

q0—2w+2

|C0V(Zi1,n iy Ljyn Zjv,n)| < 4Mw71[a1/p0 (u,v,7 — 28) +wip(s) 20272 1.

Proof of Lemma A.1: Let F,, ,(s) = o(U%_1Fs, n(s)), U =E[L.._; Zi,,
I1:_1 Zi,..n — U. Similarly, define F, ,,(s), V and AV for Z;, ,,--- Z

m=1 Ju,me

n|Fun(s)], AU =

Let t = 50:11 qo < qo. Under Assumption A.1, by the generalized Holder inequality and Lya-

punov’s inequality,

|qu S MuilL. (Al)

u u
1Zisn -+ Ziwllz <1 Zisallio [T 11Ziwmlle <o [T 11Zinm
=

)

Next, we will evaluate ||AU||f2. Let A = > 2. For the following derivations, we use

By Jensen’s inequality,

u
| I ip,m

< oMt

L2

H ip,n

7]z = B2 {E

u
H Zipn
p=1

wl/wo

H Zip,n - 3)] H ip,T H E[Zzpn|fzpn(3)]
p=1 2 p=1 p=1
{ H E z,,L,n|]:z,,L,n } ( H Zz,”,n> {sz, - E[sz,n|]:zk,n(5)]}’

m=1 m=k+1

the convention that Hm:l = H“m:uH =1.

1Az =

u
I | ip,m

p=1

L2
u

<>

k=1

L2
S Z { H E[Z:,, n|Fi,, n( } ( Zi,, n) AZiyn — E[Zik,n|fik,n(5)]} (A.2)

k=1 m=k+1 2

k—1 u 21:_—22 A_2
{ H E[Zim,nLFim,n(s)}} ( H Zimﬂl) NZin — ElZiy 0| Firn(s )]||2A c
m=k+1 L2
A
H{ H E zm,nlj:zm,n } ( H sz,n> : {Zik,n - E[sz,n|]:z;‘n(3)}} )
m=k+1 LA

where the first inequality is by Theorem 10.12 in Davidson (1994), the second one is by Lemma
C.2 in Xu and Lee (2015b), the third one is by Minkowski’s inequality, and the fourth one is
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by ||Bp||rz < 2(||p||£{2||B|\‘£‘§2\|Bp\|£A)1/(2A_2) when A > 2 (Lemma 17.15 in Davidson, 1994).
Similarly to Ba. (A1), |{TT2 BlZi ol Fivn ()1} - (M1 Zin)

< M¥~1. Notice that
L

k-1 u
{ H E[szn}—zmn(s)}} ( H Zim,n> AZiyn — E[Ziy 0| Fir ()]}

m=k+1

LA
u

k—1
< VEZi alFi W pau =TT 1Zi0n

|LAu : HZik,n - E[ZHm"

Firn (8] pau

m=1 m=k+1
k—1 u

< T IEZ al Fi W pao - TT 1Z0mnllzao - (1 Zisnll o + IEZ ik Fiin ()] o)
m=1 m=k+1

<2M*,

where the first inequality is by the generalized Holder inequality, the second one is by Lyapunov’s
inequality as Au < qg and Minkowski’s inequality, and the last one is by Jensen’s inequality. Hence,

Eq. (A.2) implies that

A—2 A—2 2uA—2u—A+2 A—2 A—2

IIAU|| 12 < QU(Mufl)zA—z.w(s)zA—z.(QMu)ﬁ Y I AT = W(s) A7 < AuM™p(s)7A=2

where the last inequality is based on M > 1, % < u and gﬁ:g < 2 (implied by

A > 2). Similar conclusions hold for V, AV, and V + AV. Because A > 125, by Lyapunov’s
inequality and the generalized Holder inequality, ||V||Lao/wo-1 < |[[V]|pa < Ty 125, nllpar <
[To—11Z;,, nllLee < MP. Consequently, by Lemma A.2 in Jenish and Prucha (2012),

lcov(U, V)| < 40P (u, 0,7 — 28)||U|| 22|V || o/ cwo -1

<4a/Po (u, v, — 28) - MU MY = 4o PO (u, v, 7 — 28) MWL
By these inequalities and the Cauchy—Schwarz inequality,

lcov(Ziym - Ziyms Zjyn - Zjyn)| = |cov(U + AU, V + AV)|
Lcov(U, V)| + |cov(U, AV)| + |cov(AU, V + AV)|
<dea PO (uy v, — 25) MY+ ||U|| 2| |AV] |2 4 [JAU || 22 ]|V + AV|| 2
Ldva PO (u, v, — 28) MY 4 ML 4"UMU1/J(S);}4%22 + 4uM“1/}(s)‘£4%22 S Me!

g9 —2w+2

=AMV [aPo (u, 0,1 — 25) + wp(s) 20297 |1,
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(]

With the covariance inequality in Lemma A.1l, we are ready to establish a moment inequality
for E(>, 2in)?, which can be regarded as a spatial NED version of Lemma 3.1 in Andrews
and Pollard (1994). The proof for Lemma A.2 relies heavily on the techniques in the proof of
Theorem A.1 in Xu and Lee (2015b). From Lemma A.1 in Jenish and Prucha (2009), under
Assumption 1, there exists a constant Cjy > 0 such that |{j € R?: d(7,7) < r}| < Ca(|r] + 1)¢ and
{7 eRY:r <d(i,j) <r+1} < Ca(|r] +1)% 1, where Cy is related to the topological structure

of the space individuals are located.

Lemma A.2. Let Assumption 1 hold. €, = {€;n}1—1 i an a-mizing random field with a-mizing coef-
ficient a(u,v,r) = (u+v)" exp(—acr) for some constants T = 0 and ae > 0. Z,, = {Z; ,}1, satisfies
Assumption A.1 and it is an Lo-NED random field on &, such that sup; ,, ||Z; n—E(Z; n|Fin(s))||L2 <
Czexp(—agzs) for two positive constants Cz and az. Then there are two constants, Cezopa and
Crezomd, where Cezonma depending on a., Cyz, po, q, M and d, and Cr.zona depending on a.,
az, Cz, T, po, qo, M and d, such that for any w € NN [2,wp],

" I (2w —2)!
E (Z Zzyn> < ( w ) w
=1

< —5Comald(w — 1) max (mC’TEZOMd)“’/Q,mC’TEZOMd .
(w—1)!

Proof of Lemma A.2: Let P, = {{i1,i2, - ,in} € N¥ : 1 < 43 < iy € -+ < 4y <
n, but they are not allequal}. P, is a collection of w natural numbers between 1 and n. For any
Pw = {i1,42, * ,iw} € Py, by Lemma A.1 in Xu and Lee (2015b), we can partition its elements
into two non-empty mutually exclusive subsets I (p.,) and I2(py,), such that I1 (py) U I2(pw) = Pw,
d[I1(pw), I(pw)) = 7 > 0, and both Ujcr, ) B(i,7/2) and Ui, (p,)B(i,7/2) are path-connected.
These imply that the partition has the largest distance among other possible partitions; and, within

each partition, for any individual, there is another one such that their distance is < r. By Eq. (A.1),
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|EZ | <123 HL2\LMw_1. Then,

Apin)= Y |EZiynZiyal

1<h < i<

D>

EZ ij n|+ Z E H Z]'»n'E H Zj1n+COV H Z]n’ H Z]n A3)

1<jsn PwEPw | jEL(Pw) J€I2(pw) J€L (Pw) Jj€I2(pw)
w—1
<uM™~t 4 Z A (n) Ay —m(n) + Z cov ( H Zjm, H Zjn)
m=1 PwE Py JEIL (Pw) Jj€l2(pw)
For any natural number 1 < ¢ < n, define P, (7)) = {{i1,42, - ,iw} € Py : 41 =4} and P,(i, |r]) =

{pw € Pu(i) : |r] < d(I1(pw),I2(pw)) < [r| + 1}, where [r] = max{a € Z : a < r}. Then
Pw:U?:_wa()*Uzn U Puli, [r]) and

Z cov( H Zjns H Zjn) < i Z cov( Zjns H Zjn)

HM?

PwEPy JEIL (pw) J€I2(pw) [7]=0pwEPw (i,[7]) J€I1(pw) J€I2(pw)
(A.4)
. ac(r—2s) __ qo—2wo+2
By Lemma A.1, where s is chosen such that b = AZS50—ou0 s

T —2 qp—2w+2
cov( H Zjn, H Z] N AMw—L {wpo exp |:_a€(rs):| +w (Czefazs) 2q0—2w+2 } .

JE€I (Pw) J€I2(pw)

- — —2wg+2
<aMmvt {wpo exp [_ag(r 28)] +w (Cze_azs)%} L
Po

g0 —2wg+2

=M™ (w7o +wC3 ) exp(—Cezor) < M1 Cr 70" exp(—Cezor),
(A.5)

where the constant C.zo > 0 depends on a., az, qo and pg and C,zo > 0 depends on 7, Cz, po

and qo. Fixing the position 7 and considering P, (i, |r]) # (), we can establish a sequence of closed
balls with radius r so that each ball contains at least one another point in {1 < iy < «- 4y < n}.

So all points in {1 <43 < -4y < n} can be covered sequentially by (w — 1) balls. Thus, when 7 is
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fixed, 32, cp.ir)y 1 <{Ca(lr] + 1)}~ . By Eq. (A.4) and (A.5),

Z cov( H Zjm, H Zjn)

PwE Py JE€I (pw) J€I>(pw)

n—1 oo
<D D> MY Crgee” exp(—Cezo 7))
=1 L’I‘J:Opwep’w(i’\:"J)
(oo}

<AmCY MY CL 7€ Z (|lr] + 1) =Y exp(—=CLzo | 7])
lr]=0

00 k42
AmCY MY 7€ Z/ 24D exp [~ CLz0(z — 2)] dz
k=07 k+1

LAnu(C; P MEC, z9e2%e20 09 1) (CyeC i M) [d(w — 1)]!
Let Cozonmg = CdeC'E_ZdOM and C.zonq = {minggwgwo (C’deCE_ZdOM)“’[d(w — 1)]!}71 > 0. Then,
MY 4 4 (C7 MOy 50e2 220 CO 1) (CyeC i M) [d(w — 1)]!
<nu(CezonaM ! +4C; M1 Crz0e” X0 O ) Clggprgld(w — 1)!
=n1CrezomdClyomald(w — D]V = Vi (n),

where Crczoma = C_'EZOMdM_l+4Cd_1M_1CTZOeQCEZ° C’gz_ol. Combining this result with Eq. (A.3),
we have A, (n) < Zf;;ll Ap(n)Ay—m(n) + Vy(n). By the Bohr—Mollerup theorem (Olver, 2010,
p.138), InV,,(n) is convex in w. Consequently, V), < ‘/}I(p_Q)/(q_2)V2(q_p)/(q_2). By “A Technical
Lemma”!% in Doukhan and Louhichi (1999, p. 336), Lemma 12!! in Doukhan and Louhichi (1999)

10Tf for every integers 2 < p < ¢ — 1, Vp < Vq(p_Q)/(q_z)VQ(q_p)/(q_Q), then for every integers m and ¢ fulfilling
2<m<gq—1,
max(Vy"2, Vi) max(V7T™/2 V) < max(VE/2, V). (A.6)

Hlet (Ug)g>o and (Vg)g>0 be two sequences of real numbers satisfying for some v > 0, and for all ¢ € N,
Ug < ?n_zll UnUqg—m + e?Vg, with Uy = 0 < Vi. Suppose {V,} satisfies Eq. (A.6). Then for any 2 < g € N,

a _
Uq < 67 ( Qqqi 12 ) max(V2q/27 Va).
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is applicable to give a bound for A,,(n):

i=1

2w —-2)! CY,
[Eww— 1)')]2 EZU())Md max {(nLCTEXOMdd!)w/27 nLC‘rEXOMd[d(U) — 1)]'}

2w — 2)!
((wl))' 2zomald(w — 1)]!max {(nLC‘rsZOMd)w/Q, mCTEZOMd} .

< w!d,(n)

<w!

X

A.2. Stochastic Equicontinuity

SEC is useful for obtaining an empirical CLT and asymptotic distributions of estimators (Pakes
and Pollard, 1989, Andrews, 1994, Andrews and Pollard, 1994). Although there is a vast literature
on the weak convergence of independent random variables or stationary time series, e.g., van der
Vaart and Wellner (1996) and Dehling and Philipp (2002), there exist much fewer studies for
triangular sequences with both heterogeneity and serial correlation. Among them, Andrews and
Pollard (1994) examine the SEC of the empirical process of an a-mixing triangular sequence. We
extend their research to investigate NED random fields.

Let (©,p) be a totally bounded pseudometric space. {Z;n(en,0)}1, is a triangular array.
It is worth noticing that the problem we are studying is somewhat different from most studies
in empirical process. Conventionally, given a sequence of independent or mixing {e;}, the weak
convergence of the empirical process of {Z;(g;,0)} is investigated. In spatial econometrics and
social network, usually dependent variables rely on all individuals’ characteristics. That is to
say, Zi, depends on €1y, - ,€npn. For Z = {{Z;n}7 1152, and YV = {{Vin}71}122,, denote
p(Z,Y) = sup; , [|Zin — Yinllr2. For simplicity of notations, let Z; ,,(0) = Z; n(en,0), p(0) =
p(Z(0)) = sup; , |1Zin(0)||22, and p(61,02) = p(Z(61), Z(02)). The empirical process for Z(0) is
denoted as v, (0) = v, (Z(0)) = ﬁ Yo ilZin(0) —E Z; n(0)).

Definition 2. For any e¢ > 0, the LP-bracketing number N(¢,L?) = N(¢,0,LP) of Z,(0) =

{Z; n(0)}}_, is the smallest value of N € N for which there exist two sets of functions {Yi,n(ej.e)) N

and {A}Q,n(eﬁf)) N, evaluated at N points 05 for j =

1,---,N, so that (1) for any § € O,
there exists a natural number j € [1, N] such that |Z;,(0) — Yim(9§6))| < AYi,n(Gj(-e)) and (2)
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p(AY) =sup, ;, ||A}Q,n(¢9j(-€))||m < e. If there is no such an n, then N (e, LP) = cc.

Denote N(e) = N(e, L?). One more convention will be useful to simplify arguments. If for some
0 € ©, there are j # j' such that |Z;,,(0) — Yi,n(@('s))\ < AY; ,(0;) and |Z; ,(0) — Y;,n(Qj(-f))\ <
AY; ,(0;/), then we only consider min{j, j’}. Then given ¢ > 0, 6 — GJ(-C) is a map. Thus, we
can omit the 7 in Yi)n(Qj(-e)) and AYM(QJ(-e)), and the dependence of 89 on 6 will be reflected by
6 directly. For instance, the approximating function for Z;, () is denoted as Y;,((<)). If for
any € > 0, N(e, LP) < oo, then {Z,(0),LP} is totally bounded. Thus, the total boundedness is
a necessary condition for finite bracketing numbers. Lemma A.3 will be used repeatedly in our

subsequent proofs.

Lemma A.3. (Andrews and Pollard, 1994) For any w > 1 and arbitrary random variables Zy,- -+ |, Zy,

lmaxycicn [ Zilll o < 0™ maxicicn | Zil| -
Theorem A.1 presents our main theorem for SEC.

Theorem A.1. Let Assumption 1 hold. e, = {&;n}I—q is an a-mizing random field with c-mizing
coefficient a(u,v,1) = (u + v)7 exp(—a.r) for some constants 7 > 0 and a. > 0. (O,p) is a
pseudometric space. pgy, qo and wg are defined in Assumption A.1 and denote rog = % (0,1).
Suppose for any € > 0, N(e), the L*-bracketing number of Z,(0) = {Z; n(0)}1_,, does not depend
on n. For some even number w € [2,wp], j;)l z~ V2N (/o) /v dy < co. Furthermore, Z,(6),

{Yin (0} and {AY; ,(0C)} are all uniformly and geometrically Ly-NED random fields on &, :
Ui — ElUin|Fin(s)llz: < Cze 2%, where U, = Zn(0), Yin(0'9) or AY;,,(0'9), and neither

Cz nor az depends on 0 or e. In addition, their L9 norms are < M uniformly in i, n, 6 and e.

Then, for any € > 0, there exists a § > 0, such that

sup  |vn(01) — vn(62)] <e.

p(01,02)<6

lim sup
n—oo

Lw

Proof of Theorem A.1l: We follow the idea in Andrews and Pollard (1994) to establish the
result. For any k € N, construct N(27%/7) approximating functions {Y; ,(6"))}, where Y; ,,(0®)) =
Yim(t?(rk/ro))7 and corresponding {AY; ()} such that |Z; ,(0) — Y;.,(0*))] < AY; . (6%) for
all i, n and 6 € ©, and ||AY; ,,(0()|| 2 < 27%/™. By Proposition 6.10 in Folland (1999),

1A (6®)| o0 < AV (0)][78]|AY: 0 (00) |7 < 275010, (A7)
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We will prove this theorem in three steps. Let v € (%, 1) be a universal constant and k,, = max{k €
N: 2k <n7}.

Step 1: limsup,,_, . HSUpaee | (0) — Vn(Y(G(k'")))me =0.

The arguments for this step are as follows. By the definitions of AY; ,,(0%*)) and k,,

sup [[AY;  (0%))||pro < M'TT027F = O(n™7) = o(n™/?).
i,m,0

We have v, (AY (§F))) = LS [AY;,,(0%)) — EAY; ., (0%)]. Because

n

i (6) = 1 (¥ (04)))] < = 3 [AY; 0 (604)) + EAY, 0 (00

i=1

=, (AY (%)) + % D EAY; o (0%) < v (AY (0%))) 4 2¢/n - M1 027k
n
1=1
= (AY (0%))) 4 0(1),

[|supgee [vn(6) — l/n(Y(Q(k")))me < |lsupgeo Vn(AY(H(k")))HLw + o(1). Here and in the follow-
ing, we use max to emphasize the finiteness (although |©| = oo, there are only N(27F»/70) var-
ious 9*»)’s). Since the NED of AY;,(§%*)) is uniformly in 0, by Eq. (A.7) and Lemma A.2,
supgee || 27, [AY (05) — EAY (0%))]||w < Cymax{(n2~)1/2, (n27 ")V} = Cy(n27Fn)1/2
for some constant C; > 0, where the equality is built on n27%» > n!'=7 > 1. Hence, by Lemma A.3

and fol e V2N (@1 /ro) v dx < oo, as n — oo,

sup v, (AY (00| < N/ e o, (A (90
0€0 Lo ) e
27 Fn
gN(2fkn/’r‘0)1/1UC’12*k"/2 = Cl / N(Qikn/ro)l/MQk"/le'
27 kn ’

<C’1/ N(gt/mo)t/wg=12qy — 0.
0

Step 2: Given any € > 0, there exists an m € N that depends merely on € but does not depend

on n, such that ||maxae@ min gm). pco ‘yn(Y(Q(k"))) — Vn(Y(gb(m)))H

o S § for large enough n.
The arguments for this step are as follows. Because m is fixed, whose value will be deter-
mined later, eventually, k, > m as n goes to oo, so we will only consider k, > m in the

following. We use the same chaining technique as in Andrews and Pollard (1994) to gap the
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difference between k, and m. Since Y () = Y(0®)) = Y(0F¢—D) = Y (k1) v(OF) —
Y (0% =1) might have N(27%)N(2!7*) different values. In order to reduce the number of such
possible differences, we define %! inductively from k, to m: 0~ = 95~ for k < k,, 01 =

argmingo—1).4co p(Y (0F), Y(¢F1)). Given m + 1 < k < ky, 001 = 9. Then

1Y (0%) = Yin (0" )2 < 1[Yin(0%) = Vi (0 D)]l 2

<Yin(0™) = Zin(O)]]12 + (| Zin(8) = Vi (B D)2 < 27070 427 (7D < 2. 9= (= D/ro,
As a result, by Proposition 6.10 in Folland (1999) and Minkowski’s inequality,

sup |V (607) = Y5 (0% ) |20 < sup 1Y (6) = Yin (0" D17 - 1Y (0™) — Vi (68 720

i,mn i\n

0 177“(]
<sup [2- 2780/ ) " (1% (6%) Lo + [V 0%l | < 20000,

i,n

Apply Lemma A.2 to {Ym(a[’ﬂ) — Yim(H[k_l]) — EYim(H[k]) +EY; ., (Clia 1])} , which is uniformly
and geometrically NED on ¢,. When k < k,,, because n2' ™% > n27%» > 1, by Lemma A.2, there

are constants C-zoara, Creonra, Co and Cy > 0 that do not depend on 6, k or n, such that

1 [(2w-—1) L/w 1/2 1/w
<% {(w—l)![d(w -t Cezoma ma‘X(O-réOMd’ C‘réOMd)'

maX((n4M1’“2’(’“’”)“2, (a1 o (h=1)y1/w)

[Yi,n(a[k]) - Yi,n(a[k_l]) - EYi,n(a[k]) + EYi,n(e[k_ll)]

Lw

C T max(( ]\41—7-0)1/27 (4M1—r0)1/w) max((n2—(k—1))1/2’ (n2—(k—1))1/w) _ 022—k/2.
n

Then by Lemma A.3, ||maxg |1y, (Y (6M)) — v, (Y (815~ 1))||| .. < N/ (27F/m0)Cy27%/2. Hence,

N

kn

Hmeax (v (@) = (v (||| < ma [y (¥ (61)) = v (v (00 11)|

Lw k= m+1 L
<Oy Z Nl/w(2—k/ro) k/2_202 Z / Nl/w k/TO)Qk/Qde‘
k=m+1 k=m-+1
g—m—1
<20, Z / Nl/w 1/7‘0)1771/26{:6:202/ Nl/w(xl/m)xfl/le,g 57
k=m+1 0 6
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where the last step holds if we choose m = m(e) large enough. Step 2 is established.

Step 3: Define the following equivalence relation: 6 and @ are equivalent, denoted 6 ~ 6,
if and only if A" = @™}, This equivalence relation partitions © into N(27/7) equivalence
classes, E[1],--+ ,E[N(27™/™)]. Steps 1 and 2 imply [supyee |vn(8) — va (Y (6!™))||] . < £ for

large enough n. Consequently,

sup 13 (6) ~ v O)]| < [sup [116) (B 4 1 (8 )]
9~0 Lw O~0 Lw
_ _ 2
< |[sup |vn(0) — un(e[ml)\ + |[sup |vn(0) — un(G[m])| < —6.
0 Lw 0 Lw 5

Define the distance of two classes by d(E[i], £[j]) = inf{p(01,602) : 0, € E[i], 02 € £[j]}. For any
d > 0, there exists 0;; € £[i] and 6;; € E[j] such that p(6;;,0;) < d(E[i],E[j]) +6. If 6 € Ei],
0 € €[4] and p(0,0) < 4, then p(0;;,0;;) < 26 and

[ (0) = v (0)] < [vn(0) — vn (03] + [vn (0i) — va(050)] + |vn(050) — vn(0))]

<22u1;3) [n(¢) — vn ()] + max{|vy (dis) — vn(dji)l : p(dij, ¢ji) < 20}

{Zkn(@ij) — Zin(P5i) — E Z n(45) + E Zi 0 (¢ji) }r—; is geometrically Lo-NED (NED coefficient
e~%2%) on g, with NED scaling factor 2Cy. Its L% norm is bounded by 4M. By Proposition 6.10
in Folland (1999), ||Zk,n(ij) = Zin(0ji) — E Zin(bij) + E Zin(dji)llLre < (4M)'770(26)™. Apply
Lemma A.2 to v (¢35) = vn(05i) = 7 ko1 Zhn(0ij) = Zien(05i) = B Zin (i) + B Zin(95:)], with
¢ there equal to (4M)1~70(25)™. There are two constants C3 > 0 and C3 > 0, such that when
n > (M)~ (28) 770,

W (dij) = vn(dji)llLw < %@3 max{[n(4M)' 770 (26)" /2, [n(4M)' 770 (20)" ]/} = G367/,

Because m does not depend on n and there are less than N2(27™/70) pairs of v, (i) — va(d5i)l,

by Lemma A.3, when n > (4M)m0~1(2§)" ",

_ 4
[vn(8) = vn(0)]| . < ge + N2/ (2770 maxc{ | v (¢i;) — va(d5i)llLw : p(¢ig, dji) < 20}

4
<5+ NG < e,

provided that § = d(e) is chosen to be smaller enough. O
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B. Asymptotic Distribution via SEC

As can be seen from Eq. (6), the criterion function for optimization is not continuous. Therefore,
the usual Taylor expansion technique for obtaining asymptotic distributions of estimators does
not work. Similar phenomena often appear in simulated estimation for discrete choice models.
Theorem 3.3 in Pakes and Pollard (1989) gives a general approach for such cases. We generalize it
to allow heterogeneity, so that it is applicable for our estimator in the main text. The nonstochastic
criterion function Gy, (6) in Pakes and Pollard (1989) does not depending on n, which holds for i.i.d.
and stationary data. In Theorem B.1, heterogeneity is reflected by the n in G,,(6). In addition, to
control heterogeneity, condition (vi) is also needed, which is trivial for stationary data. The proof for

Theorem B.1 is essentially minor modifications of that for Theorem 3.3 in Pakes and Pollard (1989).

This theorem is also applicable to non-differentiable functions. In this section, || - || denotes not
only the Euclidean norm for a vector, but also the Frobenius matrix norm: ||(ai;)|| = (32, ; afj)1/2.

[|Az|| < ||A]| - ||x|| for any vector z and every conformable matrix A.

Theorem B.1. Let G, () be a stochastic function and G, (0) be a non-stochastic one. G, (6y) =0
for all n and liminf,,_, ., |G, (0)| > 0 for all § # 6,. Suppose 0,, is a consistent estimate of by, i.e.,
0 2 0. If (i) ||Gn(B,)]] < 0p(n=2) +infy ||Gn(0)||, (i) Tr = 8G,.(09)/00" — T and T has full
column rank, (iii) for any nonstochastic positive sequence 6, — 0, Sup|jg_g,||<s, ||Gn(0) — Gn(0) —
G (00)1/[1/2 + 11Ga(®)]] + [IGn (O] = 0p(1), (i0) ViGu(8) 5 N(0,V), (1) by € 6, where
©° denotes the interior of the parameter space © € RE | and (vi) for each k, 0?Gy, ,,(0)/000¢" is
uniformly bounded in both n and 0, where Gy, (0) is the k'™ entry of G,,(6), then \/n(6,, — 6o) 4
N, (') I'vrI'r)—1t).

Proof of Theorem B.1: (1) We first show the \/n-consistency. 6, 2 6, implies that we
can choose 8, slow enough such that Pr{||f, — 6o|| > 6,} — 0. Then, by the triangle inequal-
ity and condition (i), [IGn(Gu)ll — [1Ga(@)]] — IGa(8)| < IGn(Gn) — Gu(Bn) — Guldo)]| <
0p() + 0p(1IGa()]1) + 0y (IGu(@)l). Thus, IGu(@Ba)lIIL — 0p(1)] < 0p( ) + [IGulBu)]I[1 +
0p(1)] + ||G(6o)]]. By conditions (i) and (iv), |G, (B0)ll = Op(J5) and [|Gu(9n)l| < 0p(J) +
infy |G (0)]] < op(ﬁ) + |G (00)]] = Op(ﬁ)' It follows that ||G,(0,)]] = O, ﬁ) Conditions
(ii) and (vi) imply that ||G,(0,,)|| = C||0n — o|| for some constant C' > 0 with large probability as

0, is near enough to fy when n is large enough. Hence, /|6, — 6| = O,(1).
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(2) Next, we establish the asymptotic normality of \/n(f, — 6o). Define L, (0) = ', (0 — 0) +
G (6p). By Taylor’s theorem with the Lagrange form of the remainder and conditions (ii) and (vi),
|Gn(0n) = Tron (B — 00)| = |(6,, — 90)’%( —00)| = O,(||6, — 00]|?), where 6, is a convex
combination of 6y and Gn. Then

1G(0n) = La(0n)|| < [|Gn(0n) = Gra(02) = Gu(00)l] + [1Gra(6n) = T (0 = o)
1 1 (B.1)
(7) + 0 (|G (@)1) + 0p([1G(8)11) + 0|6 — Boll) = Op(%).
Define 0} = argmingee ||L,(0)|] = 0o — (T, T,) T, G, (6p). Then by conditions (ii) and (iv),
V(8 — 6p) 4 N(0, (I'D)~'IYVI(I'T)~1). Thus, it suffices to show 6, = 67 + Op(ﬁ)'

Because 0 = 6y + O,(n~1/2), condition (v) implies that Pr(d} € ©°) — 1. By G,(fy) = 0
and condition (vi), ||Gn(02)|| < [|ITn (67 — 00)|| + 0,(||607 — 6ol]) = Op(ﬁ)‘ By condition (iii),
GO = [1Gn (@)1 = |G (00)l| < 0p(J5) + 0p (|G (B3I + [|Gn (O)I])- Thus, by condition (iv)
and the previous two results, ||G,(0)|| = Op(ﬁ)' Hence,

G (8) = La(O)]] < [1Gn(03) — Gn(65) — G (B0)|| + 1Gn(65) — T8 — 60)] o)
W%) 0y (1Ga(@)11) + 0, (1Gn (B + 0p(1165 — ol]) = op%» |

By Eq. (B.1) and (B.2), [|La(B)l| < [|Ga(@u)ll + 0p(5) < NIG(@)Il + 0p(F5) < [ILa(B5)]] +
op( —). Squaring both sides, we have || L, (¢ )12 = ||Ln (67)]>+0,(n~1). Because 6 = arg mingee || Ln (6)]],
by the Pythagorean Theorem, ||Ly(0,)]12 = [||Ln(02)]|2 + ||Ln(02) — Ln(6,)]2 = ||Ln(602)]* +

|0, (6% — 6,,)]]2. Therefore, by condition (ii), ||6,, — 6%|| = op(ﬁ). O

Lemma B.1. Let {A,(0) : 6 € O} be a family of sequences of nonsingular, random matrices.
There exists a nonsingular, nonrandom matriz A such that supg,jg_g,|<s, ||4n(0) — All = 0,(1),
whenever {6, } is a sequence of positive numbers that converges to zero. If conditions (ii), (i), (iv)
and (vi) of Theorem B.1 are satisfied by G, (0) and G, (0), then they also hold if G,,(0) is replaced
by A, (0)G(0) and G,(0) is replaced by AG,,(0).

Proof of Lemma B.1: Conditions (ii), (iv) and (vi) are obvious. The proof for condition (iii)
is almost the same as that for Lemma 3.5 in Pakes and Pollard (1989), thus it is omitted. O

The following theorem extends the preceding Theorem B.1 to the case where the true parameter
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vector is on the boundary of a parameter space, which has not been covered in Pakes and Pollard

(1989).

Theorem B.2. Let the parameter space be © = [0, B1] X ©_1 and 0y = (610,0-1,0) satisfies 619 =0
and 0_19 € ©%,, where ©°, denotes the interior of ©_; C RE=L. Let G, (0) be a stochastic
function and G, () be a non-stochastic one. G, (0y) = 0 for all n and liminf, .. |G,(0)| > 0 for
all 0 # 6y. Suppose én with élm > 0 is a consistent estimate of 6y, i.e., én LN

If (i) ||Gn(6n)|| < 0,(n~Y/?) + infgco ||Gn(0)|], (i) T = 0Gn(0)/08' — T and T has full
column rank, (iii) for any nonstochastic positive sequence 6, — 0, SUp|jg_g,||<s, ||Gn(0) — Gn(0) —
Gal00)I1/I02 + 1Ga(®)]] + IGu (O] = 0,(1), (i) \iGu(b0) 5 N(O,V), and (u) for each k,
02G..n(0)/0000" is uniformly bounded in both n and 0, where Gy, ,(0) is the k' entry of G,.(0), then
the limiting distribution of \/ﬁ(én —6y) is as follows: with % probability, it has a reqular truncated
normal density N(0,(T'T)~I"VI(I'T) ") with only the first coordinate truncated (61 > 0); with
another % probability, its distribution is degenerated for the first component to be 81 = 0, and the re-
maining component is a (K —1)-dimensional normal density N (0, (I'"_;T'_1) 7" VT _1(I"_,T_1)71),

where I'_q1 is the submatriz of T’ without the first column.

Proof of Theorem B.2: (1) The y/n-consistency still holds because it does not rely on Con-
dition (v) in Theorem B.1, as can be seen from the proof of Theorem B.1.

(2) Next, we establish the asymptotic distribution of \/n(f, — 6p). By the same argument
as in Theorem B.1, ||Gpn(65) — Ln(8,)|| = 0,(n"'/?). Define L, (0) = Tn(f — 6) + Gn(6y) and
0*
0y = 0o — (I,0n)7'T},Gn(00). If [0g — (T}, T0) 'T},Gr(0)]1 < 0, then 07, = 0 with the the

= arg mingegrx .9, >0 || Ln(6)||. If we first minimize ||L, ()| without the constraint #; > 0, then

constraint 6; > 0. Then, 6%, = 0_10— (I}, T_1,)"'T"

—1,n

G_1,,(0p). As as result, under
conditions (ii) and (iv), the limiting distribution of \/n(6;; — o) is the one described in the theorem.
Thus, it suffices to show 6, = 0 + 0, (n~1/2).

Because 0 = 0y + O,(n"1/2), 0_1 € 0%, implies that Pr(6*,, € ©%,) — 1. By the same
argument as in Theorem B.1, || Ly, (6,)]|2 = || L (62)||>+0,(n~!). Because 0 = arg mingee ||Ln ()],

when 65 ,, > 0, by the same argument as in Theorem B.1, || Ly, (6, = || Ln (0)||? +||Tn (6}, — 6, |2
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When 607 ,, =0,

L (@) 12 = [ La (@) + 1L (65) = L (Bu)l1® + 2L (65)' (L (0n) — L (65,)]
=L (O + [Tn (8, — )11 + 2L (67) T (B — 67) = |ILn (8311 + 1T (65 — 011,

where the last inequality is by 6 = argmingce ||L,(0)|| subject to the non-negative constraint.
In both cases, [T (0 = 0,)[12 < [|Ln(0n)|]? = ||Ln(62)]|? = 0,(n~"). Therefore, by condition (ii),

10 = ;11 = 0p(n="72). U

C. Probabilities of the Best NE and Its First and Second
Order Derivatives
C.1. An Example with 3 Individuals

To motivate the materials in the following two subsections, we consider a game with 3 players first

to obtain some intuitions: y; = 1(\ yg;% +x1+€ >0), y3 = 1()\2% + 29 4+ €2 > 0) and

Y3 = 1()\3"“2& + x3 + €3 > 0). The equilibrium results according to the values of €5 are shown in

Table 3. From Table 3, we have

Priys = 1les > —2) = [~ F(—1 = M)l = F(—s = M) + [1 = P(=1 — S)]F(= = ),

PI‘(yl = 1|—$2—% < €g < —.132) = [1—F(—$1—)\1)][l—F(—l‘g—)\g)}—f—[l—F(—l‘l—%)]F(—l‘3—)\3),

Pr(ys = 1|24 < € < ~22~22) = (1= F(=a1~A)][1~ F(~a5= )l +[1~F(~21)] (3~ As),

Pr(ys = 1|22~ < € < ~23= 22) = [1- F(=a)]| + [F(=1) ~ F(=21 = 2L~ F(z3 2],

where F(+) is the CDF of ¢;, which is i.i.d. for ¢ = 1,2, 3. These probabilities do not depend on x5
or Ay, except its ranges, because when we calculate these probabilities on the plane of (€1, €3), the

cutting lines, e.g., €, = —x1 and €3 = —x3 — %, do not depend on x5 or Ao.
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Table 3: The Maximum NE (y1,y2,y3)

€2 > —x2

€ < —x1 — M\ —$1—)\1<€1<—$1—>\*1 —11—)\71<61<—$1 €1 > —x

€3 > —x3 (0,1,1) (1,1,1) (1,1,1) (1,1,1)

—z3— 2% < ey < —m3 (0,1,1) (1,1,1) (1,1,1) (1,1,1)
—z3 — A3 < ez < —w3 — 2F (0,1,0) (1,1,1) (1,1,1) (1,1,1)
€3 < —x3 — A3 (0,1,0) (071,0) (1,1,0) (1,1,0)

7I27/\72<62<75E2

€ < —x1 — M\ —wl—/\1<€1<—x1—)‘2—1 —acl—)‘z—l<61<—x1 €1 > —x1

€3 > —x3 (0,1,1) (1,1,1) (1,1,1) (1,1,1)

—x3 - 2% <ey < —m3 (0,1,1) (1,1,1) (1,1,1) (1,1,1)
—x3— A3 < ez < —m3 — 2F (0,0,0) (1,1,1) (1,1,1) (1,1,1)
€3 < —T3 — A3 (0,0,0) (0,0,0) (1,1,0) (1,1,0)

—@2 — A2 < e < —wp — 22

a<-wi-X\ | —m—M<a<-wg -2 | —zi— A <ea<-z | e >-—a

€3 > —x3 (0,0,1) (1,1,1) (1,1,1) (1,1,1)

—z3 - 22 <ey < —m3 (0,0,0) (1,1,1) (1,1,1) (1,1,1)
—x3— A3 < ez < —w3 — 2F (0,0,0) (1,1,1) (1,1,1) (1,1,1)
€3 < —T3 — A3 (0,0,0) (0,0,0) (0,0,0) (1,0,0)

€3 < —T2 — A2

€ < —x1 — M\ —$1—/\1<€1<—931—)\71 —m1—)‘2—1<61<—x1 €1 > —x

€3 > —w3 (0,0,1) (0,0,1) (1,0,1) (1,0,1)

—z3 - 2% <ey < —m3 (0,0,0) (0,0,0) (1,0,1) (1,0,1)
—x3— A3 < ez < —m3 — 2F (0,0,0) (0,0,0) (0,0,0) (1,0,0)
€3 < —z3 — A3 (0,0,0) (0,0,0) (0,0,0) (1,0,0)

C.2. First Order Derivatives

Lemma C.1. Suppose Zfil a; = 0, supy ;e lail < M, and maxigicj<i [bi — bj| < €. Then

K
| D imy aibi| < (K

Proof of Lemma C.1: ’Zl 1 @ib;

X 62i=2 |a”L‘ - (
Recall By = sup,, f(z), Bw = sup,, ||Wa||s,

Zi=2 |ai| - [b; — b1] <

Notice that x;, is part of ¢;,,. Recall [{7 € R?: d(i,}) <

d(i, j) < r+1}| <
that |{j € R?: d(,]) <

for some constant Cy;, and for all m € N.

— 1) Me.

Cy(|r]+1)41 for any r >
mdo}| <

Cdd()

’Zz 1 albl + Zz 1 aZ

—1)Me.

r} <

’_ lzl L ai(b; — by)| <
0

Bx = SUpP; k.n ||%ik,n||L2 and Bq = SUp; k.n || @ik ,n || £9o -

Ca(|r] +1)% and ‘{;G Re:r <

0 and for a constant Cy > 0. These relationships imply

Land |{j € R? : mdy
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O Pr(yi,n=1|9)

O Pr(yin=1|Xn,0) I
Lemma C.2. ——S—=n— 3N < BfBWCddomglp§ for

< BfBWCdJOmOTPS < oo and
some constant Cgq, .7 5 depending only on d, lp, 0, do and my. ‘w < BoByBwCagymoi,s-
OE i,nqil,n 0
|0Pr(yi,n = 116)/08;] < B Bx Cygymei,5 and %’ < ByBoBxCagymei,s-
Proof of Lemma C.2: Consider the system y;,, = 1(\; Z?Zl WijnYjn + Tinl + € n > 0)

first, where 0 < A\; < B). After establishing the properties of

%}j”xn), where the probability

depends on parameter values, which are dropped for convenient and simplified notations, we will

let Ay =--- = X, = A, Given m € N with m > my, if we change some values of {¢;, : d9 > m}
from €£«f’>m) to ég’>m), by Proposition 1,

Pr eg,gm) : yi7n(eg’<m),€£f’>m),Xn) #+ yiyn(esf’gm),€£f>m),Xn) €5f’>m),€5f’>m),Xn < ([pg)m_

As a result, given a k with d;, > mdy, if we only change the value of e, from a to b (but keep all

the other €;,’s), then

n

Pr [elSm) g (05, =N, X) o g () b, =N )| 6N X | < 1,8

Taking expectation with respect to esf ’>m)\{k}, we have that for any real numbers a and b,

| Pr(yin = llegn = a, Xpn) — Pr(yin = llegn =0, Xp)| < (l_pg)m. (C.1)
The critical values for €, are —zy .8 — ACo = —xk B — ANC1 = -+ = =k 08 — ACp(ry, Where
Co=0and {Co, - ,Cpey} € {D° Wrjn¥jn : Yjm €10,1}}. Let C_1 = —00 and Cp(p)41 = 00. Let
bjk = Pr(yi,n = 1‘ — Jikmﬁ — )\ij < €gn < —xk,nﬁ — /\ij_l,Xn). Then

p(k)+1
Pr(yi,n = 1|3;‘n) = Z bj;c Pr(—xk’nﬂ — )\ij < €k,n < —kaﬁ — )\ij,1|Xn). (02)

§=0
Because yg n = 1(\x Z;.lzl WijnYjn+ ThnB~+ €pn > 0), it is the sign of A Z;L:l WijnYin+ Thnb+
€r,n that determines yy . Given €;, € (—2knf — ACj, =23 — ACj_1) and any profile y_j ,, €
{0,1}"71, individual k is indifferent on the value of € ,, because the sign of \j Yo WkinYin +
Tk n + €k is the same when e, varies over (—zy 8 — ACj, —zk,n8 — AC;_1). Thus, Pr(y;, =

1llex,n = a,Xy) is identical for all a € (—xn8 — ACj, =2k n 8 — ACj_1). This implies that for any
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a € (—xpnf — NCj, =z — ACj_1),

793]67)\03'71
bjr = / Pr(yin = lexn)dF (x| — TumB — ACj < €pn < —2p 0B — ACj_1, Xy)
7£Ek7/\C]'
7Ik7)\Cj71
:Pr(yi,n = 1|€k,n = a7xn)/ dF(ek,n| - mk,nﬂ - /\CJ < €g,n < 7$k,nﬂ - )‘Cj—th)
7ka)\c']

:Pr(yi,n = llek’,n = a7Xn)'

As a result, by Eq. (C.1), maxoci<j<itp |bir — bjr| < ([,0)™. In addition, once the interval
(—zknB — ACj, —zk 3 — ACj_1) is given, we can analyze the maximum NE in R"™!, the space of
€_k.n. Using the critical values of individuals {1,--- ,n}\{k}, we can find zones where y; , = 1 and
calculate bji. Because the critical values of individuals {1,--- ,n}\{k} do not depend on \; and

Tk, 8bjk/8)\k = 8b]k/8($k,nﬁ) =0. SO,

OPr(yim = 1|1X,) P(’“ifl OPr(—zpnf — MCyj < € < —Tp 3 — )"“ijl‘X”)bA ©3)
O - j=0 O jk- .
Because ‘6Pr(izk’nﬁi/\kcj<Elg;:71k»nﬁf)\kcjfl|Xn) < BBy, and
=0 O,
6 p(k)+1 81
:87)\]6 Z Pr(_xk,nﬁ - )\ij < ek:,n < _mk,nﬁ — )\ij—l‘Xn> = 87>\k — 07
§=0

OPr(yi,n=1|Xy)

it follows by Lemma C.1 that 0 < < [p(k)+1]B;Bw (1,6)™ when d;;; > mdy and m >

GV
myg. Also, in general, because maxogi<j<i+p |bit — bjr| < 1, by Lemma C.1, 0 < %}Tllm <
[p(k)+1]ByBw. By Assumptions 1 and 7, B, = sup,, ,, p(k) < oo. Hence, when \; = --- =\, = A,
OPr(yim = 11X,) " OPr(yim = 11X,) B = OPr(yin = 11X5)
> =2 P DD D 7
k=1 k:d;r <mdo m=mo kmd0<d1k<(m+1)do

<Cygym®- (Bp+1)BfBw + Y Cugom?™" - (B, + 1)Bf Bw (I,0)™

m=my

Q(Bp + l)BfBchJO m? + Z md_l(ng)m = BfBchJOmO[pg < 00,

m=mg
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where Cygym,i,5 depends only on d, ly, 6, dy and my, since B, relies merely on d and dy. Hence,

A Pr(y;n=1 opP m—lX
r(g/\ ) _ | 2Py \ )<BfBWCdd0mol5 As a result,

E)) ) )
OE(y; | X
<E {|qu,n| % ] < BoBBw Cagymoi, s-
Next, W — Zfié aPr(_xk,n/g_kkcjzzzgirfﬁ_)mk,nﬂ_)\kcj‘—l|Xn)bjk. Because |8Pr(—xk,nﬁ—
MCj < €rn < —ThnB — MeCi1|X0)/0(xnB)| < By and Y 0E5 OPr(—znB — MCj < €pn <
—Zp B — MCi-11X0) /O (zp nB) = le 5 = 0, by Lemma C.1, we have 0 < W <
(p(k) +1)By and 0 < %:é‘)x) < (p(k) + 1)By(1,0)™ when d;r, > mdy and m > mg. For any
1<j<K,
0B; ﬂTk,nﬁ) 85]'
k?dikgmgo m=mo ka0<d1k<(m+1)CZO k,n J
<BfBx (B, +1)Cyq, |m*+ Y m(1,0)™ | = BfBxClgymei,5 < -
m=mygo
As a result,
‘8E(y1,nqd,n) _ EQ‘Z i aPI‘(yz’,n = 1|Xn) a(mk,nﬂ)
98, 2T e B) 0B,
> OPr(yin = 1|1X,) 0(zk.nf)
= + E |: iln ) 5
2+ 2 B 3 (wh ) 95,

k'd,»kgmcio m=mo k'm(io<d7'k<(m+1) 1

m—i—Z “(1,0)™

<BfBQBx(B + 1)Cdd0 = BfBQBXCdJOmOZPS < 00.

m=mygo
O
C.3. Second Order Derivatives
For two second order continuously differentiable functions g(x) = (g1(x), - ,gm(z)) : R® — R™
. om PF(g(x)) _ dg(x) 9*F(g(x)) dg(x) F(g(x)) 9%g(x) _
and F(-) : R™ — R, we have amkgxh = gzh 39399, grk 49 B (%gam} for h,k=1,-
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where z = (x1,- - ,xn) and ’ represents transpose of matrices, not derivative.

9% Pr(yi,n=1|Xn,0) 2 o 9® E(¥i,nGit,n)
Lemma C.3.  supingx, = g5z | S BiwCamodos1,5 SWPiin1.0,X,j1.d2 |08, 98,5
3 o 82 E(yi,nqﬂ,n) o
BQCdmod()flp(;’ aAaﬁJ < BXBQBWCdmodoflp(;'
. 02 Pr(y,i)n:”Xn) . . . .
Proof of Lemma C.3: First, we calculate =——"5>——"". Differentiating Eq. (C.3) with

k

respect to Ax, we have
9? Pr(yi’n = 1|Xn) . p) 1 0? Pr(—mk’nﬂ — )\kC] < €gn < —l’k’nﬁ — Aij,1|Xn)
Nz - oAz

=0

bjr. (C.5)
- Pr(izmﬂi/\kojfai%n<7wk’"ﬂdkcjfl) = |G f'(=xknfB — MCj1) — CFf'(—xpnf —
MeCj)| < 2By B, where By = max, | f'(x)|, and 0 < bj, < 1, we have |9% Pr(y; , = 1|X,,)/0)\2] <
2By (p(k) + 2)BE,. When d;;, > mdy and m > mg , by Lemma C.1,

Because

< 2B By [p(k) + 1(7,6)"

0? Pr(yi,n = 1‘Xn)
X2

To calculate 9% Pr(y;,, = 1/X,)/0Mk, O\, with ki # ko, without loss of generality, assume that
dir, > di,. Denote the critical values for ey, , (j = 1 or 2) as —xp, 8 — /\C'éj) > —Tp; B —
ACH > R - /\C’(j) > Where ¢’ =0 and {CY, ... ,C;%L)} € {2 WkinYin ¢ Yin €
{0,1}}. Let C’(jl) = —oo and C(J])C( )41
~ &ty 08 = A C8 11X, Ajatain = Pr(—2hgnf — Ay CF) < ehgn < —TpgnB — Ay O 11 X), and
bjrjan = Pr(yin = 1| — @i, 08 — )\kIC](-ll) < €y < —ThynB — )\kIC](-ll) 1 —Thy B — )\kQCJ(-?

2) k1)+1 (k2)+1
€han < —ThynlB — )‘kzc](z 1» Xy). Then Pr(yiﬂl =1) = E?l(—l())-i_ ; —20)+ Ajikyn Ajakanbjyja -

= oco. Let Ajp, n = Pr(—az5, .0 — )\lej(ll) < €fyn <

Given the intervals that €y, , and e, ,, are located, and given other players’ actions, yx, » and y, »
are determined, the values of €, ,, and €, , do not matter. In addition, given the intervals that
€k, .n and €, n, are located, we can divide R™2, the space of (€j,m) j£k1 ks, iNtO sOmMe cuboids by the
critical values of individuals in {1,--- ,n}\{k1,k2}. Then we can calculate the maximum NE in
each cuboid and obtain bj, ;, ». Because the critical values of individuals in {1,--- ,n}\{ki,k2} do
not contain A, Ag,, Tx, and xy,, the partial derivatives of b;, ;, » With respect to these variables

equal 0. As a result,

p(k1)+1p(k2)+1
O?Pr(yin = 11X,) 21): p(i 0Aj ki n aAjgkz,nb_ _
Ok, OAg, fovr S Ok, Ok, Jryzme
1= 2=

35



When dg, > mdy and d'*2 > m > mg, by Proposition 1(1), maxij, <j<p(ky) [0jijamn
bjrjam| < 5(1,6)™. On the other hand, when d;;, > mdp, d**2 < m and m > mg, we have
MaX1 <, < <p(ky) [01ga.n = bj150.m| < (1p6)™ by Proposition 1(2). So, when diy, > mdo and m > my,
Maxi <, <t <p(ky) [Dngan = Djtjoml < ([p6)™. Notice that max;—1 2 maxi<j,<p(k) [0Ask.n/ONk,| <

By ||W||oo. Consequently, when d;j, > mdy and m > mg, by Lemma C.1,

o Pr(yi,n =1X,) < p(%-H aAJékzm p(%—i‘l aAjlku”,b. )

Ok, Ok, = o) Ok, 20 Ok, Jrzm
P(k2+16Ak o b o
<D0 |G (plha) + VBB (,3)" < (p(ka) + 1) (p(k) + VBB (7,0)"

Jj2=0 2

Because bj, j,.» € [0,1], we always have

p(k1)+1 p(k2)+1

D 2

j1=0 Jj2=0

aAJz ka,n
Dhn,

2 o
\6 Pr(yin = 11X0) < (p(kn) +2)(p(ks) + 2) B3BY,.

e, O

By the bounds for 9% Pr(y; , = 1|X,,)/0A2 and 8 Pr(y; ,, = 1|1X,,)/ 0k, OM,,

’82 Pr(yi,n = I‘Xn>

0° Pr(yi,n = 1|Xn)
e >

e, ONes

k1,k2

; O*Pr(yin = 11X,) I Z Z O Pr(yin = 11X,,)

ON2 O, OX
k kr koAkyidig, <dik, k1 O ke

= D?Pr(yin = 11X,
< Z + Z Z ‘ f(ya)\z | X5)

k:dir<modo  M=M0 k:mdy<d;r<(m+1)do

<

+

> D?Pr(yin = 1/X,)
T SEED SEEET SHEND S > o)

k1:din, Smdo k2#k1idiky Sding  M=M0 kyimdo<dsr, <(m+1)do k2#k1:diky <dik,

v |Cagomd - 2By (B, +2) + Z Cyagym®™' - 2By (B, + 1) (I,0)™

m=myg

2B%,

(Cddomo) (B +2)? Bf + Z Cddo 1 Cygy(m+ D (B, + 1)23?(%5)7”1

m=mg

2
<Biy Camody 1,5 <
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for some constant Cy,, 4,7 5 not depending on 4, n, A or .

Similarly, |0 Pr(y; », = 1|X,,)/0(zk,nB)? < 2(p(k)+2)By and |0% Pr(y;n = 1|1X,,)/0(xk,n8)0Nk| <
2B/ (p(k) + 2)Bw. When dix > mdy and m > mq, |02 Pr(yi, = 1|X,,)/0(xknB)?] < 2(p(k) +
1)By(1,0)™ and |0° Pr(yin = 11X5)/0(xrnB)ONe] < 2(p(k) + 1)Bw By (1,0)™. For ki # ko,
|0° Pr(yin = 11 X0n)/0Ak, 0(ky.n )| < (p(k1)+2)(p(k2)+2) BF Bw and [0% Pr(yin = 1| X0n)/0(xk, 1) 0wy 0 8)| <
(p(k1) +2)(p(k2) + 2)B]2¢. For ki # kg, when dix, < dix,, dix, > mdy and m > myq

|82 Pr(yi,n - 1|Xn)/8>\k1 8(xk2,n6)| g (p(kl) + 1)(p(k2) + 1)BWB)2“(Zp5)m
|82 Pr(yi,n = 1|Xn)/8(xk1,nﬁ)a)‘k2| < (p(kl) + 1)(p(k2) + 1)BWB)2“(Zp5)m

With the above results, we have

0?2 Pr(yin = 11Xy)
Ljyk1,nTjsks,nGijn
P a(xkl,nﬁ)a(xkz,nﬁ) SRR

’82 E(yi,nQij,n) _
aﬁjl aﬂjz

kaﬁ) J1k,nLjzk,ndijn

+2EZ Z O* Pr(yin = 11X,,)

x]lkhnm]zkz,nng n
ki kaksidiny <dix, (@ky 0 B)0(Tky,n3)

62 Pr(yi,n = ]-|Xn)
a(xk ﬁ)Q Tj1knTjsknGijn

<(Z+§: Z)E N

k:dipy<modo ~ M=M0 k: mdo<d;; <(m+1)do

= 82 Pr(y;n = 1|X,,)
) ( o S N IS - E—
kl d B 2,1

idigy <mdo MM kyimdo<dip, <(m+1)do ) keFki:dik, Sdik,

& | Cagm - 2By (By +2) + Z Cagym™ " - 2By (B, + 1)(1,0)™ | +

m=mqg

3

m=myg

(Caa, m)® - (By +2)* Bf + Z Cddo L Cy(m+ 1) (B, + 1)23]2‘(5175)7"1
<BECimodo 11,5 < 00,

and
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O Pr(y; n = 1|X,)
Z O, Oy uB) IRl

0 Pr(yin = 11X,
I DD IS S SR B s e

k1 koidik, <dik, ko ki:dig, <dik,

0? E(yi,n(h’j n
ONIPB;

O?Pr(y; n = 1|X,)
Z ID(TpnB) i

oo
0% Pr(yin = 11X
S D ONESD SHED S E-{ Lo
- — _ aAka(xk,nﬁ)
k:dip <modo m=mgo k: md0<dlk\(m+1)d0
= 02 Pr(y;n = 11X,
SR VDY e R
kyidigy <mdo  M=M0 ky:mdo<dg, <(m+1)do ) k2#ki:diny <diky ! 2n
> 0?2 Pr(yin = 11X,)
SRS VD > )
7 — 7 7 .d ) 8)%18(37/62,“6)
koidigy <mdo  ™M=M0 kyrmdo<dipy <(m+1)do ) k1#k2:dik, Sdik,
<BxBgBw |Cyq,m - 2By(B, +2) + Z Cugom®t - 2B (B, +1)(1,0)™
m=myqg
—1 _ d 2PR2/7 5 \ym
2Bx BoBw |(Cyq,m§)* - (By +2)° B} + Z Cagom®™" - Cugy(m +1)- (B, +1) Bj(10) ]
m=mgo

<BXBQBWCdmOJOfip5 < 0.

D. Proofs for the Main Text

Lemma D.1. For all real numbers aq, as, b1, by, | max(ai,as) — max(by,be)| < max(|a; — b1, |ag —
ba|) < lay — b1| + |az — bal.

Proof of Lemma D.1: If a; — ay and b; — by have the same sign, then (a1 > as) A (by = bo)
or (a1 < az) A (b < by). Clearly, the conclusion holds.

If a1 — as and b; — by have different signs, without loss of generality, we assume a; > as
and b; < ba. The following are all possible cases: by < by < as < a1, by < as < by < aq,
by <ay <ayp <by,ag <by <by <ay,as <by <ap < by, and as < a1 < by < by. One can check

that the conclusion holds under each case. O

Lemma D.2. {XZ-(’Q ?_, and {Xl( )} ", are two random fields on {€; ,, }7— If||Xl()]73 [X(J)|.7:Z w2 <
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dE?Lw(j)(s) for j =1, 2, where F; ,(s) = o({€jn : dij < s}), then

| max X — E[max XU |F; 0 (s)]] 22 < (d) + d®)) max ¢ (s).
7=1,2 ’ j=1,2 ’ ’ T i=1,2

Proof of Lemma D.2: By Lemma D.1, the conclusion holds because NED is kept under
Lipschitz transformations. O

Proof of Proposition 1: If {j : co > d” > m} =0, 4, = yim(eg’gm),x%gm)) = §in. The
conclusions hold trivially.

Next, we consider the case {j : d = m+1} # 0. Denote i (i, Tin) = L(=X\i||Wa||oo —ZinB <
€in < —Zinf). When x;,(0i,in) =0, y; n(€n, Xy) will not be affected by other players’ decisions.
When x;.n(0;,2;n) = 1, it is possible (but not necessary) that other players’ actions will affect
player i’s decision. Call an individual ¢ is susceptible at (6;,2; ) iff xin (0, Tin) = 1; otherwise,
i is unaffected at (0;,2; ) iff x;n(0;,2;,) = 0. Because of the i.i.d. of ¢ ,, conditional on X,
Xin(0i, Tin) and x;,(0;,2;,) are independent for ¢ # j.

First, we shall argue that, if §;, # ¥in, then there exists a susceptible path (i.e., a path
of susceptible individuals at (6, X,,)) jm — jm-1 — -+ — j1 — i with d¥» = m. Suppose
the conclusion does not hold. Denote A C {j : d¥ < m} the set of all individuals of whom
each will be on at least one susceptible path ending in i. Then AN {j : d¥ = m} = () and
B={je{j:d7 <m}A:dJ = lforsomek € A} # (. From the definitions of A and B,
B is unaffected. Thus, when we consider the behaviors of individuals in A U B, we can ignore
the behavior of the rest players. Now consider the subgame formed by individuals in AU B. By
the unique best NE for the subgame, §,|aup = §nlaup. This contradicts §; , # ¥in. Hence, the
conclusion follows.

Next, we will show conclusions (1) and (2). Recall sup; ,, g, 2, . E(Xi,n(0i; in)|2in) = § for

some § € (0,1). Denote jo = 1.
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P (i # il 65, 50,36 gl giom)
< Pr(3asusceptible path j,, — jm_1 = - — j1 — @ with d¥m = m|z(HS™)

S Z Pr(i, j1, - , jm are all susceptible|z(»<™))
jm‘ﬁjm—lH"'%jlﬁi:d”m:m

m

> [1Pr(a, = talsm™)

Jm—Jm—1—>—j1—>i:dIm=m p=0

N

< > ﬁ 5 < 8(L,0)™.

Jm—Gm—1—>—j1—i:dIm =m p=0

(2) Similarly,

— ~ i, <m) =(i,>m) s(i,>m) =(i,>m) ~(i,>m
Pr (yi,n 7é yi,n| Ek,nax$L = )a x$L )73351 )7 651 )a €$L ))

< Z Pr(i,j1,- -+ , jmareall susceptible|ey ,, xﬁf’gm))
Jm—im—1——j1—i:diIm=m (Dl)
m
< Z H Pr(ij = 1|€k,n7 S,gm)).
Jm—Gm—1—>—j1—i:diim =m p=0
Conditional on {ex,n,@4"™}, Pr(x;, = Uewnai=") = Pr(x;, = 1al<™) < 8 for j, # k.
and Pr(xx = 1|€k7n,x£f’<m)) < 1 no matter whether k is susceptible or not. So H;”;O Pr(x;, =

1|ek7n,x£f’<m)) < 6™ and Pr (gjln # Yinl ek_,n,xﬁf’gm),fg’>m)7ig’>m),€S’>m),€£f’>m)) < (l_pg)m.D

Proof of Corollary 1: Given a pair of nonstochastic (:igf’>m),€$f">m)), denote ;. ,(0) =
yi,n(eg’gm),€£f’>m),x£f’<m),5cg’>m)\9) as a function of egf’gm) and x%’gm). By Proposition 1,

E [4in(0) — 9in(0)] < (1,6)™. Hence, by Theorem 10.12 in Davidson (1994, p.151),

19i.0(0) = Elyi.n(0)|2jn, €1, d7 < ml[2 < [yin(0) = Gin(0)[22 < (10)™

Then, the first conclusion holds. Because {j : d¥ < m} C {j : dij < mdp} under Assump-
tion 1, by Theorem 10.12 in Davidson (1994), ||y;n(0) — E[yin(0)|Fin(mdo)]llzz < ||yin(0) —

Blyin(0)]2j.n, €jm, d7 < ml||L2 < (30,)™72. o
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Proof of Corollary 2: The first conclusion holds because

Hyi,n(o)xik,n - E[yi,n(a)xik,n|xj,na €5,n5 d < m]||i2

<E{ad 0 E{ [0 (0) = B (0 (O0) 0501 65,07 <m)]*| X} | <B [}, (60,)"] < BY(8,)™,

where the second inequality follows by similar arguments as in Corollary 1. The rest conclusions
hold similarly. O

Proof of Proposition 2: Because W,, # 0 from Assumption 3, there exists an i with
Z?Zl wijn > 0. By presumption, E[Pr(y; , = 1|Xpn,0) — vin|Xn] = Pr(en : Yin(en, Xn,0) =

11X,) — Pr(en : Yin(en, Xy, 00) = 1/X,,) = 0. Denote F(-) as the CDF of the €, ,,. Given z;i,, (for

all j # i), we consider the case that ;2,820 — —oo for all j with d” = 1. Thus,
1- F(_xz,nﬁO) = PI‘(Gn : yi,n(e’ranaG) = 1|Xn) (D2)

We discuss the identification by three mutually exclusive but exhaustive situations. (1) If sign(B820) =
sign(B2), then xj9,0620 — —oo implies z;,8 — —oo. Thus, 1 — F(—2;,00) = 1 — F(—z;.0).
Because F(-) is strictly increasing, ;.8 = ;n80. So, E(x;nxln)ﬁ = E(gc;mxi,n)ﬁo. Because
E(xinxln) has full rank, f = fBy. Next, given x;;, consider xj2 020 — +oc for all j with
d9 = 1. Then, Pr(ey : Yin(€n, Xn,0) = 1|1X,)) = Pr(en : Yin(en, Xn,00) = 1/X,,) implies
F(—=X 2?21 Wijn — TinPo) = F(—=Xo Z?’Zl Wijn — Tinbo). Hence, \g = A (2) If sign(Ba) =
—sign(p2), xjonfa0 — —oo implies z;9,82 — +00. Then Pr(e, : y;n(en, Xn,60) = 1|X,) =
Pr(ey 1 Yin(en, Xn,0) = 1|X,,) implies F(—x;,60) = F(=AX[_; wijn — zinf). So,

TinPo = )\Z Wijn + Tinh- (D.3)

j=1

Next, let ;2,020 — +00. Then z;2,082 — —o0 and F(—Xg Z;’:l Wijn — Tinbo) = F(—zinp).
Thus,
Ao Z Wijn + Tinbo = TinB. (D.4)

j=1
By Eq. (D.3) and (D.4), Ao Y_7_; Wijn = =AY j_) Wijn. Because A\g >0, A >0and Y7, wijn >
0, we have A = A\g = 0. In consequence, Eq. (D.3) implies that § = By. (3) When 3 = 0, the LHS

of Eq. (D.2) depends on z;2,, but the RHS does not depend on ;2. This is impossible. O
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Proof of Theorem 1: Under Assumptions 5 and 9 on compact parameter spaces and identi-
fication, to establish the conclusion, it is sufficient to show that supyee |@n(0) — Qn(8)] & 0 and

that {Qn(0)}22 ., is equicontinuous. Consider supgce |Qn(6) — Qn(0)] 2, 0 first. Notice

2 2
~ 1 < 1 <
su n n(8)] < su QL29)= Gin (0 91/2 —
(,Ep'Q() Qn(0)] sup | |82 ()n;g’() ng
1 — ? 1 — ?
+sup [|QY2(0)= " §:.(0 QY20)=N "Eg; (0
sup ()n;g,() ()n; Gin(0)
1 — ?
<sup [[(Q,(0) = 20)22 S g1 (0)]| + (D-5)
E) ne=
1 & ' 1
su — Gin(0) + Eg;n(6 — in(0) —Egin(0
sup n;[g,() 9, ngg g,()]”
1 — 1 —
<op(1) + sup 91/2 Ezgvn +Egvn(9)]|' Ql/2 ﬁzgvn —Egin(0)]|,
== P P

where the last inequality is based on Assumptions 8 and 9(1) and the Cauchy-Schwartz inequality.
Because sup; 4 ,, g ||Gik.n (0)]] 22 < 00, it suffices to show suppee [+ D20 [Gikn (0) — E gikn (0)]| Zo.

By the WLLN for NED (Jenish and Prucha, 2012), 23" (i, — E¥in)gik,n = 0p(1). Since

1 n
sup |[— > [Gik,n(0) — E gig,n (0
9een;[ (9) (0)]
11 &
= = (€7, X0, 0) = yin | dikn — [Evi X0, 0) — Eyinla;
su im\€p "y An, i,n ik,n i,m(€ny An, i,n]qik,n
eegn;R;y( ) y}qk [E g ( ) — B yinldir
11 1
=sup |5 - |:zn Xnae E in €n7Xna9:|qik,n + = i,n_E i,n)qik,n
sup R;n;y (e ) = Eyin( ) n;(y Yim)
1 & 1 &
erlstelg n;[y (€87, X0, 0) — Eyi (€, X0y 0) | Giteon| + 0p(1),

it is sufficient to show supgcg ‘%Z?:l[yim(ean,G) —Eyi7n(en,Xn,9)]qik,n| = 0,(1), because
Eyivn(eg),Xn,H) = Eyin(en, Xn,0). We apply the bracketing method in empirical process in
three steps to show this. Empirical process method is needed because y; (€, Xp,0) is neither
smooth nor even continuous in 0. Let y; n(€n, XnB, A) = Yin(€n, Xn,0) based on the explicit index

form X, of the regressors in the model.
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First, we construct the brackets. Notice that for any § > 0 and 6; = (A\,0]) € O with

B(91,6) = {9 € RK+1 : ||9 — 91”00 < (5} - @, if é € B(Gl,é), then |-Tz,nB — xi,nﬁll < Ksz)nH(S

Denote || X,|| = (lz1nll, -, [|Znnl])’. Because Yy, (e, X, 3, A) is non-decreasing in A and X, 03,
Yolen, XnB1 — K[| Xn||6, M1 — ) < Yolen, XufB,A) < Yolen, Xuf1 + K||X,||6, A1 + 6). Because
<

a < b < ¢ implies that min(ad, cd) < bd < max(ad, cd) for any d € R,

yq

Yin (€ns Xn By N ik,n

(01) = min[yi,n(Gna Xnﬁl - KHXnH(;, >‘1 - 6)Qik,na yi,n(ena Xnﬁl + K||Xn||5’ )‘1 + 5)(]1'16,71]

ik,n

< maX[yi,n(ena Xn/Bl - K||Xn”67 A1 - 5)qik},na yi,n(ena Xnﬁl + KHXTL||67 A1 + 6)sz,n] = Wik:,n(el)'

Because O is a cuboid and B(fy, ) is a cube in REX*+!, we can find N(§) < oo cubes {W}jﬁf)
such that U;V:(f)m = 0. We want to emphasize that N(J) and {6; };V:(f) depend only on ¢ and
©, but not on n. Thus, {[ﬂik,n(aj)’ mk’n(aj)]}j.vz(f) is a bracketing set for {y; n(€n, XnB, A)Qikn :
(A, B €O}

Second, we show that it is an L?(e)-bracket by choosing a suitable §. Notice that

(05)]]z>

=[[Yi.n(en, XnBj + K| X010, Aj 4 0) = Yiin(€n, XnBj — K| Xn][0,Aj = 0)]gik.nllL

||@ik,n (9]) —Yyq

ik,n

(D.6)
gBQH?Ji,n(Ena Xnﬁj + K[ Xx]l6, Aj+ d) — yi,n(en» Xnﬁj — K| Xn[[d, Aj— )|l Lro

=B EYP [yin(en, Xy + K| X018, X +8) = yin(en, XuBj — K| Xull8, 25 = )],

where a power of pg is the same as power one because y; ,’s take values 0 or 1. By similar argument
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as that for Eq. (C.4), we have
OE i n(en, XnBi + K||X5]]0, 7))
a6

_ - 8E[yi,n(6anﬁj+K||Xn||5v Aj)‘Xn]
=B O(n)

00

_ ’E OE[Yin(€n, XnBj + K[| Xn[|0, Aj)[ Xn]

Kllxk,nll‘

> OE[Y; n(en, XnBi + K[| Xn||0, X)X
_ D 3 g EWin(en, XnBj + K| Xn[6, ;)] ]K||xk,n||

, _ _ oz
k:d;r <mdo m=mo k}:mdo<dik<(m+1)do ( k7n/8)

<K’BxB;(B, +2)Cy,

m? + Z mi-1. (lpé)m] = KZBXBdeJDmOl'pS < 00.

m=mg+1

By Eq. (D.7) and Lemma C.2, we have
E[yi,n(emXnﬁj"'KHXnH(sv )‘j"'(s)_yi,n(emXnﬁj_KHXnHaa Aj_é)] < 25(KZBX+BW)BdeJOmOT,,S-

Thus, when 0 < (¢/Bg)/[2(K>Bx + Bu)ByCogymoi, sl we have [[72:.,0(6;) — ya,, (6112 <.

Finally, the uniform convergence supycg |E Yo ikn (€ny X, 0) —Eyik,n(emeG)]qik’n! =
op(1) holds by the following argument as that for Theorem 2.4.1 in van der Vaart and Wellner
(1996). By Corollary 2 and Lemma D.2, both {ﬂzkn( i)Yoy and {¥G,. ., (05)}7-, are geometri-
cally Lo-NED uniformly in ¢, 5 and n. For each § € ©, there exists a 1 < j < N(J) such that
160 — 0;|oc < 6. Then

1

1 n n
- i,mn nan 7)\ —-E i,n\En; n )\ i n\f ik.n -E i,n ’I’L)XTL 7)\ ik,n
nZ[y,(E B,A) —Eyinl(e B, Nldir, nquk Yin(€ B, N ik,n]

1~ _ 1<
:E Z[szk,n(ej) - Eyqzk,n(aj)] + E Z E{[yi,n(ena Xnﬁ] + KBX(;LH? )‘j + 5) - yi,n(€n7 Xnﬁv )‘)]QZk,n}
= i=1

1

< — N 0.,) —Evyq. 0. .
R P ;[yqzk,n( i) — EYQp, 0 (050)] + €

Notice that the first term on the RHS of the above equation does not depend on 6 and equals o0,(1)
by the WLLN for NED. Thus, supgceo % S Wik (€ny Xt 0) — Evik n(€n, Xy 0)] ik < 0p(1) + €.
Similarly, infgco %L S Wik (€n, X0y 0) — EYikn(€n, Xy 0)]qinn = 0p(1) — €. Because € > 0 is

arbitrary, the uniform convergence in probability holds.
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It remains to show that {Q,,(0)}22 x , is equicontinuous. It suffices to show 1 3" | E g;.(0) =
% S E{Win(€ny X0 B, A) = i n(€ny XnBo, Xo)|qik,n } 18 equicontinuous, which is implied by Lemma
C.2. O

Proof of Proposition 3: g;,(0) = [Pr(yin = 1|Xn,0) — yinlg;,. To apply Theorem A.1,
we need to calculate the bracketing number. The required brackets have been constructed in the
proof of Theorem 1 and we have shown that when § < (¢/Bg)P/[2(K?Bx + Bw)B;Cyg monos)»
TGk (0;) —@ik’n(9j)||m < e. To cover the parameter space [0, By] X Hff:l[—ng,ng], we need

[B2] x [T, [25:5[%—‘ = O(e P (+K)) cubes in R™X. With wy > w > 2po(K + 1)ry ", we have

po(K+1)
wro

+ % < 1. As a result, for some constant C > 0,
1 1
/ J\/'(xl/m)1/711‘,17—1/261ir < C/ x—[PO(K+1)/WT0+1/2]dx < oo.
0 0

Then the condition fol N (z'/m0)1/wy=1/2dg < 0o in Theorem A.1 holds. Consequently, Theorem
A1 is applicable and this proposition holds. O
Proof of Corollary 3: Denote ym(ﬁ) = yim(egf),Xﬁ, A).

\m

n
lim sup sup n=1/? Z[gik,n(Gl) — Gik,n(02)]
n—=00 ||[|61—02||cc<n -1 14
n 1 R
Slimsup|| sup (0 V2 YT S T (60) — u) (02)) g
n— 00 [1601—02]|cc <n i—1 r—1 La
1 R n
< limsup sup Z n=t/? Z[zéﬁ?(&) - 952(92)]%1«,n
n=00 ||[101=02[leo<n *t 255 i=1 La
1 R n
Slimsup =S| sup {02 Y[ (00) — u) (02) ]k
n—00 =1 ||1101—=02][cc<n i—1 Lo
n
< limsup sup n=t/? Z[gik,n(91> = Gikn(62)] <€
n—00  |[|01—02]ec <n i=1 La
where the last inequality is from Proposition 3. (]

Proof of Theorem 2: Let G,,(0) = 13" | g;,(0) and G, (0) = 237" | Eg;,(f). When
Ao > 0, we apply Theorem B.1 and Lemma B.1 to prove the conclusion.
Apparently, Corollary 3 is sufficient for condition (iii) in Theorem B.1 and Lemma C.3 implies

condition (vi) there. It remains to check condition (iv) in Theorem B.1, whether the CLT holds.
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Consider m > mg. Denote Ayfz;m) = yi,n(eﬁ),xm 0) — E[yim(egf),Xn,Hﬂxjyn, 6§-2, dij < mdp) and

Aygz) = Yin—EYin|Tjn, €n, dij < mdp). By Theorem 10.12 in Davidson (1994) and Minkowski’s

inequality
Gt (0) = BlGik,n (0)|uns €ns €5t = 1, | R, dij < md]| 2

R
1 rm m 1 ram m N
<lg DAY i = Ay qinllie < 5 30 NG Gl 2 + 18907 ikl |2 < 2Bo(0,8)™”.
r=1 r=1
So, {§ikn(0)}7 is uniformly and geometrically Lo-NED on {z; n, €., 6572, r=1,---,R}" . Next,
we calculate its variance. Denote (g, (60)) = in S Win — E(Win|Xn,00)]¢i,n and y(gﬁf)(eo)) =
S [y (), X 00) — B(i | X, 00)]gi - Notice that v(g5” (6)) and v(gn(6)) are indepen-
dent conditional on X,,, and E[v(g,(60))|X.] = E[v(g5” (60))|Xn] = 0. By var(Y) = Evar(Y|X) +

var E(Y|X),

n R
var LTL Zglk,n(e) = var % Z V(g'ELT) (90)) - V(g7L(90))]
i=1 r=1
1 R
=E {Var = ; v(gM (89)) — V(gn(GO))‘ Xn] }

l)E{Var [V(gn(00))| Xn]} = (1 + %)varv(gn(eo)) — 1+ %)V

R
1
=F {2 Zvar {V(QT(LT)(GO))‘ Xn] + var [v(gn(60))] Xn]}
+

Hence, the CLT of NED in Jenish and Prucha (2012) is applicable under Assumptions 1, 4, 12 and
14, and we have ﬁ o1 Gin(6o) 4 N(0,(1 + %)V). Then this theorem holds by Theorem B.1
and Lemma B.1.

When Ay = 0, the conclusion is by Theorem B.2 and Lemma B.1. O

Proof of Proposition 4: (1) Similarly to the proof of Theorem 1, it is sufficient to show

SUPgeo |Q$Lb) (6) — Qn(0)] & 0. By the same argument as in Eq. (D.5), we only need to show
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SUPgeo |+ i 1[91(11;)71(9) —Egirn(0)]] & 0.

N 1y Dy 4
sup | — gl n(e) _Egzkn - Xn;HO 651);Xn79n) dik,n +
sup |- ;[ . - 221 ) = ynl( ]
2118 n Z{ PI' yz n — ]-‘Xnae) yn(ézb)v XnaQO)]qik,n - Egzk,n(e)}‘ .
E :

Because the first term on the RHS is 0,(1) by Proposition 3 and 6,, = 6 + 0,(1), and the second
term on the RHS is 0,(1) from the proof of Theorem 1, the uniform convergence holds.

(2) It suffices to check conditions (iii) and (iv) of Theorem B.1 when A\ € (0, By). A sufficient
condition for condition (iii) is the SEC of f > gzk)n(ﬁ) Notice that the term yn(e%b),Xn, 0,,)
in gfk)n(e) does not depend on 6, then the SEC of —= ZZ 1 gf,’;)n( ) can be established by the same

argument as in Proposition 3 and Corollary 3. Next, we verify condition (iv).

A I s
gz(z)n(e % Z[Pr(yivn = 1|Xn’ 0) - yn(g(zb)v Xna 00)]611/-’”"‘

M: NMS

Il
-

[yn( (®) X7n90) ( (&) Xﬂnen)]qzn

- 5l

?

Because the second term on the RHS is 0,(1) by the SEC of % - yn(e%b),Xn, 0)q; ,, and the
first term % N(0,(1+ %)V) from the proof of Theorem 2, condition (iv) holds.
Because conditions (iii) and (iv) of Theorem B.2 are the same as those of Theorem B.1, the

conclusion also holds when Ay = 0. O
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